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PREFACE 


The  purpose  of  this  dissertation  is  to  study  the 
Non-Classioal  Orthogonal  Polynomial  solutions  of  that  olass 
of  second  order  linear  differential  equations  with  parameter 
which  have  a recursion  relation  involving  two  coefficients 
of  the  solution  by  the  method  of  Probenius. 

It  is  convenient  to  taJce  the  differential  equation  in 


the  form 


r+2  s+2  r+1  s+1 

(Ax  + A X )y”  +(B  X + B x )y'+ 
1 2 n 1 2 n 


r 3 

L, (n)x  + L (n )x 
1 2 


y = 0 
n 


where  A , A , B , B„  are  rational  constants,  and  L (n)  and 
1*12  1 

L (n)  may  be  functions  of  the  integral  parameter  n. 

Conditions  are  obtained  for  the  existence  of  the  two 
types  of  such  solutions  which  arise,  together  with  their 
appropriate  weight  functions  and  intervals  of  orthogonality, 
formulas  are  developed  for  obtaining  these  solutions  and  their 
integrated  squares  or  normalizing  constants  under  certain 
circumstances,  and  some  of  their  interesting  properties  are 
considered.  Several  nomerioal  examples  illustrate  the  use  of 
these  results.  The  relation  of  the  study  to  the  boundary 
value  problems  of  mathematical  physics  is  indicated. 

The  work  divides  Itself  naturally  into  four  parts,  in  each 
of  which  important  results  are  numbered  in  sequence  for 
reference,  successive  primes  indicating  successive  repetitions 
of  a given  result.  References  to  bibliography  are  by  number. 
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ABSTRACT 

of 

WOK-CLASSICAL  ORTHOGOKAL  POLYIJOMIALS 

by 

John  Young 


Investigation  is  made  of  the  conditions  under  which  the 

class  of  second  order  homogeneous  linear  differential  equations 

r+2  s+2  r+1  8+1  r r si 

(A,x  + A X )y” + (B,x  + BqX  )y'+L(n)x  + L (n)x  y = 0 

1 2 n-^  ^ nL^  2jn 

possesses  orthogonal  polynomial  solutions.  It  is  shown  that 
the  classical  orthogonal  polynomials,  such  as  those  of  Legendre, 
Hermite,  and  Laguerre,  are  contained  as  special  cases. 

Particular  attention  is  given  to  the  non-classical 
orthogonal  polynomial  solutions  obtained  when  L^fn)  = Lfn), 

L (n)  * K L(n).  It  is  found  that  there  are  then  two  general 

2 2 

types  of  such  solutions,  one  of  order  and  subdegree  linear  in  n, 

and  having  an  algebraic  weight  function  and  finite  interval  of 
orthogonality;  the  other  of  order  quadratic  in  n,  and  of  sub- 
degree linear  in  n,  and  having  a transcendental  weight  function 
and  semi-infinite  interval  of  orthogonality.  With  suitable 
restrictions,  derivative  definitions  and  integrated  square 
formulas  are  obtained  for  these  solutions.  Certain  other 
properties  of  interest  in  these  solutions  are  also  considered. 
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PART  I 


NATURii)  OR  THE  PROBLEM 
and 

DEVELOBIEliT  OF  PRELIM IKARY  RESULTS 
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SECTION  1 

ORTHOGONALITY  OP  THE  SOLUTIONS  WITH  INTEGRATING  FACTOR 

The  Nor-Claasical  Orthogonal  Polynomials  which  are  the 
subject  of  this  dissertation  are  those  which  under  conditions 
to  be  studied  arise  as  solutions  of  the  second  order 
homogeneous  linear  differential  equation  with  rational 
constant  coefficients 


r+S  8+2  r+1  s+1 

(Ax  + A X )y"+  (B  X + B X )y*  + 
1 2 n 1 2 n 


r 3 

L (n)x  + L (n)x  y * 0 
1 2 J n 


where  L (n)  and  L (n)  may  be  functions  of  the  integral 
1 . 2 

parameter  n / 0.  With  no  loss  of  generality  we  may  take 

these  coefficients  to  be  integers,  with  A 0, 

1 

To  simplify  the  handling  of  this  equation  we  let 


I-l 


r+2 

s+2 

= A X + 

A X 

1 

2 

r+1 

s+1 

= B X + 

B X 

1 2 

r 8 

t (x)  = L (n)x  + L (n)x 
n 1 2 


1-2 

1-3 

1-4 


We  also  let 


w(x)  = an  integrating  factor 


1-5 


The  differential  equation  I-l  then  becomes 


py"  + qy'  + 
n n 


t y 


n n 


0 


1-6 


3 


Multiplying  two  such  equations  by  w and  each  equation 
by  the  solution  of  the  other,  we  have  by  addition 


■^m 

wpy"  + 
n 

wqy ' 

^ n 

+ wt  y » 

n n 

0 

wpy"  + 
m 

wqy' 

n 

+ wt  y » 

mm 

0 

d 


wp(y"y  -y  y”)  + wq(y'y  -y  y’)  + w(t  -t  )y  y = 0 
Tunmn  mnmn  mnnin 


But  we  observe  that 

wp(y;y„-y„y;)]-  wp(y;y„*y;y;-y;y;-y^y;)^ 


Accordingly,  integration  of  our  preceding  result  from  to  x^ 
gives 


wp(y'y  -y  y' ) 
m n m n 


X X 

^ ^ w( t -t  )y  y dx  ■ 0 

- ^ mnmn 


1=7 


provided  that 


^(wp)  = wq 


1-8 


Dividing  by  wp  and  multiplying  by  dx,  we  have 


iiJSEl  « i dx 

wp  p 


4 


By  integration  we  have 

In  (wp)  « / 5.  dx 

P 

Changing  to  exponential  notation  gives 

/ i dx 
P 

wp  = e 

Hence  the  integrating  factor  is 


If  this  integrating  factor  w =»  1 , so  that  from  1-8 


then  the  differential  equation  will  be  called  self-adjoint. 
, Now  from  1-7  we  see  that  we  will  have 


S ^ w(t  -t  )y  y dx  = 0,  m n 
X m n ra  n 
0 


I-ll 


where  x and  x are  roots  of 
0 1 

at  X and  x , and  if  wp,  y, 
0 1 


(wp)  , 

y' . y” 


if 

t 


y and  y*  are  finite 

are  continuous  in  (x  ,x 

O’  1 


) 


9 


5 


80  that  the  integrals  exist.  These  requirements  are  surely 

met  if  y are  polynomials,  and  x , x are  finite, 
n 0 1 

The  property  of  y expressed  by  I-ll  will  be  called  the 

n 

orthogonality  property,  and  the  integral  I-ll  itself  the 
orthogonality  relation. 

aiiCTION  2 

HON-YAinSHIUG  OF  THE  IHTEGRATEL  3«^UARE  FOR  n / 0 

Making  use  of  the  relation  wq  » (wp)'  from*  I-B , and 
multiplying  the  differential  equation  1-6  by  have 

2 

(wp)y"y  + (wp)'y'y  + wt  y * 0 
n n n n n 


But  we  observe  that 


d 


(wp)y'y^ 


2 

(wp)'y'y  + (wp)y"y  + (wp)y' 
n n n.  n n 


Accordingly, 

gives 


integration  of  our  previous  result  from  x to  x 

0 1 


(wp)y’y 
n n 


X 

0 


/ V .2  . *1  2 

(wp)y'  dx  + J wt  y dx 

” X n 

0 


0 


6 


The  bracicet  vanishes  under  the  same  conditions  as  those 
required  for  the  vanishing  of  the  bracket  in  1-7  so  as  to 
establish  the  orthogonality  relation  I-ll.  Hence  we  hove 

2 X 2 

f (wp)y’  dx  = / 1 wt  y dx 

X ” T\  r. 

0 0 

How  if  in  adaitior  to  the  preceding  conditions  there  are 
no  roots  of  wp  between  x^  and  x^ , so  that  wp  is  of  non- 
changing  sign  between  x^  and  x^ , then  the  integral  on  the 
left  is  / 0,  unless  y^  = constant,  so  that  we  would  have 
= 0.  Hence  the  integral  on  the  right  is  / 0,  whether  or 
not  t^  has  roots  between  x^  and  x^ , provided  n / Oo  As  will 
be  shown  later  in  11-97  and  11-97 ' (ff.  IH-74 ) , we  have 
^0  ~ constant,  so  that  y^  = Oo  Since  for  n = 0 it  also 
turns  out  that  t^  = Qoj^fx),  ^ a function  of  x,  then  I-IE 
becomes 

X 2 

0»0°/^wj^(x)y  dx 

X 0 

0 

so  that  the  integral  itself  may  or  may  not  be  zero.  Hence 
we  must  establish  further  conditions  for  the  non-vanishing 
of  the  integrated  square  when  n = 0.  This  is  done  in  Part  I, 

Sections  14  and  17;  Part  II,  Section  9;  and  Part  III, 

Section  9. 


1-12 


-13 


7 


SECTICli  3 

EXPAllSIOll  OP  Ali  ARBITRARY  FUliCTIOU 
U SERIES  OP  THE  SOLUTIONS  WITH  WEIGHT  FUNCTION 

Designate  the  arbitrary  function  by  f(x)  and  assume 

00 

f(x)  = ^ C y 

Multiplying  by  w(t  -t  )y  , and  integrating  between  x and 

^ i ID 

we  have 


/ 1 w(t  -t  )y  f (i) 
X n i m 
0 


dx  * 


00 


n=o 


n 


w( t -t, )y  y dx 
n i •'m  n 


By  1-7  we  oan  say  only  that  the  integrals  on  the  right  are 
necessarily  zero  for  n = i.  Hence  the  right  member  does  not 


necessarily  reduce  to  a single  integral  as  is  req^uired  in 


order  to  find  C o Thus  it  is  clear  that  what  is  required  is 
n 

an  orthogonality  relation  which  does  not  involve  the  parameter 

n of  t o To  obtain  this  we  use  1-4  in  I-ll  and  get 
n 


J"  w< 


~ T S 

L (m)x  + L (m)x 
1 E 


L (n )x^+  (n )x^ 
1 E 


y y dx 
m n 


L 


8 


Rearranging  this  we  have 


L^(m)  - L^(n) 


/ 1 wx  y y dx  = |L  fn)  - L (m) 
j X m n I 2 2 


1 s 

/ wx  y y dx 
X m n 


Three  cases  of  an  orthogonality  relation  independent  of 

the  n in  t now  arise.  We  consider  each  of  these  separately; 
n 


Case  I: 


L^(n) 


a constant  independent  of  n. 


The  left  member  of  1-15  is  then  zero, 
we  have  the  orthogonality  relation 


Hence  for  L 

2 


fm) 


/ l,(n) 


/ 

X 


W X 


y y 

m n 


dx 


0,  ra  ^ n 


independent  of  the  parameter  n in  t , the  weight  function  W, 
the  function  with  respect  to  which  the  orthogonality  relation 
exists,  being 

s 

W = w X 


Case  II:  L fn)  « L , a constant  independent  of  n, 

2 2 

The  right  member  of  1-15  is  then  zero.  Hence,  for  L (m)  ^ L ( 

1 1 

we  have  the  orthogonality  relation 


1-15 


1-16 


-17 


>18 

-19 

) 


9 


X r 

/Iwx  yy  dx«0,m5^n 
j no  n 

0 


independent  of  the  parameter  n in  t , with  weight  function 

n 


W = w X 


Case  III;  L (n)  = K L(n).  L„(n)  = K Lfn) 
1 12  £ 

where  the  K'a  are  constants  independent  of  n. 


Using  this  in  1-4  and  the  result  in  I-ll,  we  have 


I(m)  - L(n) 


/ 1 w(K  X + K X ) y y dx 
X 1 ^ m n 


0 


so  that  for  L(m)  / Lfn)  we  have  the  orthogonality  relation 


/ 1 wfZ  x^+  Z.x®)  y y dx 
T 1 2 m n 


= 0,  m / n 


independent  of  the  parameter  n in  t , with  weight  function 

n 


W . wfz  x^+  K X®) 
1 2 


1-20 


1-21 


1-22 


1-23 


1-24 


10 


Accordingly,  combining  the  results  of  I~17,  I-20,  1—23, 
we  have  the  orthogonality  relation 

/Wyy  dx=0,  myn 
X m n 

0 

where  W is  taken  as  in  1-18,  1-21,  1-24,  according  as  1-16, 
1-19,  1-22  holds. 


SECTION  4 

RECURSION  RELATION  AND  RECURSION  PROIXJCT 
FOR  THE  DESCENDING  SERIES  SOLUTIONS 

Using  the  method  of  Frobenius,  we  assume  the  solution 
of  the  form 


n 


n 


k+OJ 

X 


Writing  the  differential  equation  I-l  in  tabular  form  after 

g 

dividing  by  x , and  taking  s^r,  letting  the  Jump 

J = r-s  <(o 


1-25 


1-26 


1-27 


we  have 


11 


L (n)x^  + L- 

JL  w 

X * X 

1+2  2 
A X + A X 

■^1  2 


n 


n 


1-28 


From  1-26  we  have  by  differentiation 


+ c 


n 


Ic+OJ 


lc+(Q+l)  j 

^ °k+(0+l)j  ^ 


k+9  j n 


. n k+6j-l 
y;_  - •••  * °k*ej 


r \ 71  k+(©+l)  J-1 

+ [ic+(e+l)j)c^^(Q^l)j  X 


n 


+ (k+9j){k+ej-l) 


k+©j-2 


n 


+ [k+(9+l ) jj[k+(9+l)  J-1]  j 


k+(9+l)J-2  ^ 


1-29 


Substituting  these  results  in  1-26  we  have 


r 


. . . + X 


k+ ( 9+1 ) j 


(x) 

s 0 


Hence  the  recursion  relation  for  the  descending  series  solutions 


12 


n 

°k+(9+l)J  " 


A^(k+©J) (k+ej-l) + B^(k+ej)+  L^(n) 

A ^ (k+  ( 9+ 1 ) j][k+  ( ©^  1 ) J -l]  + B Jk+  ( ©+ 1 ) j]  + Lg  ( n ) 


r 

°k+Oj 


A^(k+©j)^+  (B^-A^) (k+©J) + L^(n) 

^ °k+©J 

A2[k+{©4l)j]  + [k+(©4l)jJ^-L^(n) 


From  this  we  have  the  recursicr  product  for  the 
descerdirg  series  solutiors 


n 

°k+©J  " 


9-1  2 

0 TT  A^(k+j^j)  + (B^-A^)(k-^5^J)  + L^(n) 

(-1)  

® 2 

JT  A^(k+9(J)  + (Bg-Ag)(k+j^j)  +Lg(n) 


n 


wherein  we  define 


-1  0 

JT  - rr  .1 

0 1 


SBC T I OH  6 

RECURBIOH  RBLATIOH  AliL  RBCURSIOW  PROIUCT 
FOR  THE  ASCKHDIHG  SBRIES  SOLUTIOliS 


1-30 


Again  using  the  method  of  Frobenius,  we  assume  the  solution 


13 


to  be  of  the  form  1-26.  l/Vritirg  the  dif ferertial  equation 
I-l  ir  tabular  form  after  dividing  by  x , and  taicing  r 
as  before,  but  this  time  letting 


we  have 


J = 8-r^O 


L.  (n.)  + L (n)x 

i 2 


J 


n 


X + B 


J+1 


K 


2 

X + A 


J-^2 


n 


1-31 


1-32 


Substituting  the  results  1-29  in  this  we  have 


^ ,ic+(9+l)J 

o • « ▼ Ji 


^ Bg(k+9J)  + A fk+9j)  (k+©j-l) 


^ °k+(@+l)  j [ic+(9+l)  1+ A^[k+(©+l)j][k+(©+l)  j-l]J 


fx) 

+ . . . * 0 


Hence  the  recursion  relation  for  the  ascending  series  solutions 


n 


k+fe+1) j 


A (k+©j)  (k+©j-l ) + B (k+©J)+L  (n) 

I 2 2 n 

A^[k+(9+l)j][k+(©+l)J-lJ+  [k+(©+l)j]+  L^(n) 
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A (B  -A  )(l£+9J)  ♦ 

2 c c 

A^[k+|9+1)  j]^+  (B^- A^)[kWe+l)j]+ 


n 

°k+9J 


Prom  this  we  have  the  recarsior  product  for  the  ascending 
series  solutions 


n 


9 ^A  l2(n)  ^ 

c,  .(-1)  f <=J; 

^k.+9j  0 

77"  A,  (k+ji(j)^+  (B -A^)(k+9fj)  + L^(n) 


1-33 


wherein,  as  following  1-30,  we  again  define 


-1  0 

7T  » 7T  « 1 

0 1 

We  observe  that  with  this  notation  the  recursion  product 
for  the  ascending  and  descending  series  solution  has  the  same 
form,  except  that  the  subscripts  are  intercnanged.  Accordingly, 
results  obtained  for  the  descending  series  can  be  immediately 
applied  to  the  ascending  series  merely  by  interchanging  the 
subscripts  in  the  results  and  taking  J ^o,  instead  of  J <^o, 
as  will  be  seen  in  the  case  of  the  closure  condition. 


SKCTirU  6 


IIIDICIAL  EQUATIOl^  FOR  THE  DESCEWDIUG  EERIES  SOLUTIONS 

In  the  descending  series  solution,  the  highest  power  of 
X which  occurs  is  k(n).  This  will  be  referred  to  as  the 
order  of  the  solution.  Its  relation  to  the  parameter  n is 
determined  by  the  indicial  equation.  We  obtain  this  by  first 
taking  0 = 0 in  1-26  and  then  differentiating  to  get 


y, 


n 


n k-E 


y"  = k(k-l)  0 X 
n 


+ 


1-34 


Substituting  these  results  in  1-28  we  have 


k n r 

X 0 L (n)  + B k + A k(k-l)  + x 
L w w 2 


k+j 


0 


Hence  the  indicial  equation  for  the  order  k(n)  of  the 
descending  series  solutions  is 


1-35 
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Its  solution  for 


L (n)  = -A  k^(n)  - (B-A  )k(n) 
2 2 £ 


1-36 


The  solution  of  1-35  for  k(r)  is 


k(n)  = 


2A. 


1-37 


SECTION  7 

CIOSURii  BQUATIOIi  FOR  THB  DEBCBUBIIIG  SERIES  SOLUTIONS 

By  the  term  closed  solution  we  mean  a solution  which 
terminates  and  is  not  an  infinite  series. 

For  closed  solutions  we  must  have  c^  =0  for  all 

k+©J 

6 greater  than  some  particular  value,  say  6 = ®(n),  a 

function  of  n.  That  is,  = 0 for  9 =.  ©(n)+  1,  efn)-f  2 , 

...  . Hence  in  the  recursion  product  1-30,  that  factor  in  the 

numerator  obtaineo  by  using  ^ = ©-1  must  be  zero  for 

max 

©=©(n)+l;  that  is,  for  ^ =r©(n)  + l1-l-  Q(r). 

max 

Accordingly,  we  have  as  a preliminary  form  of  the 
condition  for  the  closure  of  the  descending  series  solutions 
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1-58 


is  the  total  subscript  on  the  last  non-vanishing  coefficient 
in  the  descending  series  solution,  and  is  therefore  by  I-S6 
the  lowest  power  of  x in  the  solution.  This  will  be  referred 
to  as  the  subdegree  of  the  solution.  Denoting  this  by  h(n), 
we  have 


Using  this  in  1-38  we  have  the  closure  equation  for  the 
descending  series  solutions 


Making  use  of  the  indicial  and  closure  equations  of  the 
two  preceding  sections,  we  now  consider  tiie  possibilities  of 
obtaining  polynomial  solutions  from  the  descending  series 


h(n)  = k;fn)+©(n)j 


1-39 


1-40 


SECTION  8 


POLYIIOMIAL  SOLUTIONS  OBTAINABLE 


FROM  THE  DESCENDING  SERIES  SOLUTIONS 
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solutions  in  the  three  cases  discussed  in  section  3. 

Case  I:  L (n)  = L , a constant  independent  of  n. 

1 1 

The  indicial  equation  for  the  order  k(n)  of  the 
descending  series  solutions  was 

A k^(n)  + (B  -Ap)  ic(n)  + L (n)  = 0 

This  gives  k(n)  the  order  of  the  solution  as  a function  of  n. 
If  k(n)  is  assigned  as  say  k(n)  = Nn,  N a positive  integer, 
then  1-35'  determines  the  form  of 

L (n)  = -A  N^n^-  (B  -A  ) Hn 
2 2 2 2 


Using  1-16'  in  1-40  we  have  the  closure  equation  for  the 
subdegree  h of  the  descending  series  solutions  as 

2 

A^h  + (B^-A^)  h + = 0 


Since  this  equation  is  a quadratic  in  h,  then  h has  at  most 
two  values.  But  from  1-39  h is  the  total  subscript  on  the 
last  non-vanishing  coefficient  of  the  descending  series 


-16' 


-35' 


1-41 


1-42 
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solution.  Hence,  for  k(n)  = Nn,  J = -1,  which  includes 
the  classical  Laguerre  Polynomials  (6,  Chapter  X) , for  which 
N = 1,  then  we  must  have  h = 0,  since  we  must  have  k(n)^  h 
for  all  n.  Accordingly,  I-4E  tells  us  that  we  also  have 

L = 0 in  this  instance. 

1 

For  X(n)  * Kn,  J = -2,  which  includes  the  classical 
Legendre,  Herraite,  and  Jacobi  polynomials  (6,  Chapters  II, 
VIII,  IX;  2,  Chapter  IX).  for  which  N = 1,  then  we  will 
have  h = 0,  1,  according  as  Nn  is  even  or  odd.  Using  h = 0 
in  1-42,  we  find  that  we  must  have  L = 0,  as  in  the 
previous  instance.  Using  h = 1,  = 0 in  1-42,  we  have 

A + (B  -A  ) + 0 - 0 
1 11 


from  which  we  have  B = 0 

1 

Finally,  we  note  that  |J|>  2 requires  more  than,  two 
values  of  h,  so  that  1-40  becomes  an  identity  in  h.  Hence 
A^  = B^  = = 0,  and  the  numerator  of  the  recursion  product 

1-30  vanishes  for  all  n and  all  9,  so  that  we  then  have  the 
degenerate  case  of  monomial  solutions. 


Case  II: 


L (n)  * L , 
2 2 


a constant  independent  of  n. 


1-19' 


Using  this  in  1-35  we  have  the  indicial  equation  for  the 
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order  k of  the  descerding  series  solutiors  as 


Ak^+(B-A)k  + L=  0 1-43 

2 2 2 2 


Since  this  is  a quadratic  in  k,  then  k has  at  most  two 
values. 

The  closure  equation  for  the  subdegree  h(n)  of  the 
descending  series  solutions  was 

» 

2 

A^h  (n)  + (B^-A^)  h(n)  + L^(n)  « 0 I-40> 


This  gives  h(n),  the  subdegree  of  the  solutions,  as  a function 
of  n.  If  h(n)  is  assigned  as  say  h(n)  = Gn,  G a positive 
integer,  then  1-40'  determines  the  form  of  L^(n)  as 


* 2 
-A^G  n 


-(B^-Ai)  Gn 


1-44 


Since  from  the  definitions  we  must  have  k^h(n)^0,  then  we 
see  that  this  case  will  give  us  at  most  a finite  set  of 
polynomial  solutions,  and  this  only  for  j = -1  and  J = -2, 
if  k and  hfn)  are  to  be  compatible  with  j,  as  we  have  seen 
from  the  discussion  of  case  I. 
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Case  III:  L (n)  = K L(n) . L (n) 

11  2 


K L(n)  . 
2 


where  the  K's  are  corstants  irdependent  of  n. 


Using  these  in 
the  order  k(n)  of 


1-35  we  have  the  irdicial  equation  for 
the  descending  series  solutions 


Agi:^(n) 


(B  -A„) 
2 2 


k(n) 


Kg  L(n) 


0 


The  solution  of  this  for  k(n)  is,-  using  1-22'  in  1-37, 


k(n) 


-(Bg-A  ) l/(B2-Ag)^-  4AgZgl(n) 


2A 


Using  1-22'  in  1-40,  we  have  the  closure  equation  for 
the  suhdegree  h(n)  of  the  descending  series  solutions  as 


A^h  (n)  + ^B^-A^)  hfn)  * L(n)  - 0 


We  now  assign  h(n)  as 


1-22' 


1-45 


1-46 


1-47 


hfn)  = Gn 


1-48 
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where  G is  a positive  integer.  Using  this  in  1-47  and 
solving  for  the  parameter  L(n),  we  have 


L(n) 


-A^G^n^-  Gn 


1-49 


Now  let 


1-60 


Using  this  and  1-49  in  1-46,  we  have 


k(n) 


-(Bg-AgI  l/  (Bg-Aj,)2.  4AgK^  A^oV  . AA^K*  (B^-A^l  Gn 


Rearranging  under  the  radical  we  have 


k(n) 


-fBg-Ag)  ! y 4A^Ag^  gV+  4AgZ*  (B;^-A^)  Gn  + (Bg-Ag)' 


2A 


1-51 
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For  ]c(n)  to  be  rational  for  all  n,  the  quantity  under 
the  radical  must  be  a perfect  square  for  all  n.  Hence  we 
must  have 

2 2 2 2 2 2 
4A  A K*  G (B  -A^)  - 4A„  K*  G (B  -Aj 

122  22  22  11 

Rearranging  and  factoring,  we  have,  after  dividing  out  the  4, 


0 


1-62 


This  relation  is  satisfied  if  either  G,  K*,  the  bracket,  or 
Ag  is  zero.  These  possibilities  lead  to  the  following  results: 

If  G » 0,  then  from  1-48  we  have  h » 0.  Then  from  1-47 

we  have  L(n)  = 0.  Hence,  either  = 0,  or  L(n)  * 0. 

If  it  is  the  which  is  zero  when  G ■ h = 0,  then  by 

1-22  and  1-16  we  hove  a special  instance  of  case  I with  L = 0, 

1 

If  instead  of  the  it  is  the  L(n)  which  is  zero  when 

G = h = 0,  then  by  1-22  both  L (n)  and  L,  (n)  are  zero,  so  that 

by  I-l  the  differential  equation  does  not  contain  the  term  in 

y . Also,  by  1-45,  we  hove  k = 0,  2 2 so  that  the 

^ A 

differential  equation  has  but  two  solutfons. 

If  in  1-52  the  Zj  - 0„  then  by  1-50  the  Z„  - Oo  Then 

^ 2 

by  I<*22  and  1-19  we  have  a special  instance  of  case  II  with 
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L-  * 0,  Usirg  K = 0 ir  1-45,  we  ogair  have  that  k = 0, 

^ ^ 2 
A 

2 2 . Hence,  ore  of  the  solutions  discussed  under  case  II 

^2 

is  only  a constant. 

The  bracket  in  1-52  being  zero  loads  to  the  Non- 
Classical  Orthogonal  Poljmomials  discussed  in  the  next  part. 
Port  II,  of  this  dissertation. 

The  A of  1-52  being  zero  leads  to  the  Non-Classical 
2 

Orthogonal  Polynomials  discussed  in  Part  III  of  this 
dissertation. 


SiiCTION  9 

INDICIA!  EQUATION  FOR  THE  ASCENDING  SERIES  SOLUTIONS 

In  the  ascending  series  solutions  the  lowest  power  of  x 
which  occurs  is  k(n).  Hence,  in  accordance  with  the 
definition  of  section  7,  k(n)  is  here  the  subdegree  of  the 
solutions.  Its  relation  to  the  parameter  is  determined  by 
the  indiciol  equation.  We  obtain  this  by  using  1-34  in 
1-32  to  get 


+ B^k  + A^k(k-l) 


k+ J 

X ( . . . ) 


(x) 

= 0 


Hence  the  indiciol  equation  for  the  subdegree  k(n)  of  the 
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ascending  series  solutions  is 


A^k^(n)  ♦ * 0 


Its  solution  for  L^(n)  is 

L^(n)  = -A^k^(n)  = 


The  solution  of  1-53  for  k(n)  is 


k(n)  = 


-(B^-A^)  - / (B^-A^)^-  4A^L^(n) 


2A. 


We  observe  that  1-53^ the  indicial  equation  for  the 
subdegree  lc{n)  of  the  ascending  series  solutions^  is  the 
same  as  1-40^ the  closure  equation  for  the  subdegree  h(n) 
of  the  descending  series  solutions,  except  that  here  we 


1-53 


1-54 


1-55 


have  k instead  h. 
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6KCTI0H  10 

GLOSUHii  ifi^UATIOIJ  FOR  THR  AOCRRDIliG  RRRIRd  SOLUTIONS 

For  closed  solutions  we  must  have  cf  . » 0 for  all  0 

k+©J 

greater  than  some  particular  value,  say  © » ©(n),  a function 
of  n.  [That  is,  ^ ©(n)-fl,  0(n)+2,  ... 

Hence  in  the  recursion  product  1-33  that  factor  in  the 
numerator  obtained  by  using  6 * ©-1  must  be  zero  for 

©(n)+l;  that  is,  for  ^ »r©(n)  + l]-l  * Ofn). 

Accordingly,  we  have  as  a preliminary  form  of  the 
condition  for  the  closure  of  the  ascending  series  solutions 

A [h+©(n)  Jj  ^ + (B^-A  )fh+©(n)  jl+  L (n)  - 0 1-66 


n 


But  if  c =0  for  all  ©'>©(n),  then  0(n)  is  the 
k+Oj 

largest  value  of  © for  which  c”  / 0,  so  that  k+0(n)j  is 

k+©j 

the  total  subscript  on  the  last  non-vanishing  coefficient  of 
the  ascending  series  solution,  and  is  therefore  by  the 
definition  of  section  6 the  order  of  the  solution.  Denoting 
this  by  h(n),  we  have 


h(n)  = k(n)  + ©(n) J 


1-39 


the  same  relation  as  was  obtained  for  the  descending  series 
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solutions,  except  that  the  roles  of  h and  k.  have  been 
interchanged.  Using  this  in  1-56,  we  have  the  closure 
equation  for  the  ascending  series  solutions 


£ 

Agh  (n) 


h(n)  + 


ig(n) 


1-67 


We  observe  that  this  the  closure  equation  for  the  order 
h(n)  of  the  ascending  series  solutions  is  the  saaie  as  1-35, 
the  indicial  equation  for  the  order  k(n)  of  the  descending 
series  solutions,  the  roles  of  h(n)  and  k(n)  being 
interchanged. 


SDCTIOW  11 

POLYIIOMIAL  SOLUTIOIJS  OBTA Ii; A BLE 
FROM  THE  ASCENDING  SERIES  SOLUTIONS 

Making  use  of  the  indicial  and  closure  equations  of  the 
two  preceding  sections,  we  now  consider  the  possibilities  of 
obtaining  polynomial  solutions  from  the  ascending  series 
solutions  in  the  three  cases  discussed  in  section  3. 

Case  I;  L^(n)  = L^,  a constant  independent  of  n.  1-16" 

The  closure  equation  for  the  order  h(n)  of  the 


Qscerdir-g  series  solutions  wns 


1-57' 


which  is  the  same  as  1-35'  (ff.I-40),  the  indie ial  eciuation 
for  the  order  k(n)  of  the  descending  series  solutions, 
except  that  here  we  have  h instead  of  k.  Hence  our 
conclusions  are  the  same  as  those  following  1-35',  q.v. 

Using  1-16"  in  1-53,  we  have  the  indicial  equation  for 
the  subdegree  k of  the  ascending  series  solutions 


which  is  the  same  as  1-42,  the  closure  equation  for  the 
subdegree  h of  the  descending  series  solutions,  except  that 
here  we  have  k instead  of  h.  Hence  our  conclusions  are  the 
same  as  those  following  1-42,  q.v. 


Using  this  in  1-57  we  have  the  closure  equation  for  the 
order  h of  the  ascending  series  solutions 


A k^+  (B  -A  ) k ♦ L - 0 
1 11  1 


1-58 


Case  II:  L_(n)  = L„,  a constant  independent  of  n. 


1-19" 


29 

A ♦ (B  -A^)  h + L = 0 

2 2 2 2 

1-59 

whioh  is  the  same  os  1-43,  the  ir.aicial  equation  for  the 
order  ic  of  the  descending  series  solutions,  except  that  here 
we  have  h instead  of  k.  Hence  our  conclusions  ore  the  same 

as  those  following  1-43,  q.v. 

The  indicial  equation  for  the  suhdegree  k(n)  of  the 

ascending  series  solutions  was 

A^k^(n)  + k(n)  + » 0 

1-53' 

which  is  the  same  os  1-40'  (ff.I-43),  the  closure  equation 
for  the  suhdegree  h(n)  of  the  descending  series  solutions, 
excent  that  here  we  have  k instead  of  h.  Hence  our 
conclusions  here  ore  the  some  os  those  following  1-40’,  q.v. 

Case  III;  L^(n)  * L(n),  L^{n)  = L(n) 

1-22" 

Using  these  in  1-57,  we  have  the  closure  e^^uation 
the  order  h(n)  of  the  ascending  series  solutions 

for 

Agh^(n)  + * ^2  ^ 

1-60 

30 


which  is  the  same  as  1-45,  the  irdicial  equation  for  the 
order  k(r. ) of  the  descending  series  solutions,  except 
that  here  we  have  h instead  of  k. 

Using  I-2S"  in  1-53,  we  have  the  indicial  equation  for 
the  subdegree  k(n)  of  the  ascending  series  solutions 

2 

(n)  ♦ “ 0 

whioh  is  the  same  as  1-47,  the  closure  equation  for  the 
subdegree  h(n)  of  the  descending  series  solutions,  except 
that  here  we  have  k instead  of  h. 

If  we  now  proceed  with  these  two  equations  1-60  and 
1-61  as  we  did  with  1-45  and  1-47  of  the  descending 
series  solutions,  the  roles  of  h and  k being  interchanged, 
so  that  1-48  becomes 

k(n)  = Gn 

then  our  conclusions  will  be  similar  to  those  following 
1-45  and  1-47,  q.v. 


1-61 


1-62 


SjiCTIOII  12 

SCLUTICNS  OF  THiS  DKGKNiiHA TK  PH2T  OHliiR  EiUATIOII,  CA6ii  I 


Prom  I-l  the  differentiol  equation  degenerates  to  first 
order  when 

A_  = A *0  1-63 

1 2 


and  from  section  3 we  had 

Case  I:  L^(n)  = L^,  a constant  independent  of  n.  1-16"* 

Using  these  results  in  1-36*  (ff.I-40),  we  have  the 
indicial  equation  for  the  order  k(n)  of  the  descending 
series  solutions 

Bk(n)  + L (n)  = 0 1-64 

2 2 

from  which  we  have 


L (n)  = -B  k(n)  1-65 

2 2 

Using  1-63  in  1-42,  we  have  the  closure  equation  for  the 
suhdegree  h of  the  descending  series  solutions 


B h + L 
1 1 


0 


1-66 
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from  which  we  hove 


L = - B h 
1 1 


and 


B 

1 


1-67 


1-68 


Using  1-63,  1-16"*,  1-66,  and  1-67  in  1-30,  we  have  the 
recursion  product  for  the  descending  series  solutions 


n 


9-1 

B Y IT  U + icfn) 

i \ 


- h 


n 


91 


1-69 


which  gives  an  infinite  set  of  polynomial  solutions. 

Prom  this  we  see  that  if  B^  = 0,  then  we  have  monomial 
solutions;  also,  1-67  gives  L^=  0. 

Using  1-63  in  1-57',  we  have  the  closure  equation  for 
the  order  h(n)  of  the  ascending  series  solutions 

B h(n)  + L (n)  » 0 
^ £ 


1-70 
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from  which  we  hove 

L (r)  = - B h(n) 

2 2 

Using  1-63  in.  1-58,  we  have  the  indicial  eqaation  for 
the  subdegree  k of  the  ascending  series  solutions 

= 0 

from  which  we  have 
and 


Using  1-63,  1-16"',  1-71,  and  1-73  in  1-33,  we  have  the 
recursion  product  for  the  ascending  series  solutions 


n 


©-1 

77”  + k - h(n) 

Sir.9.  . 


c 


n 

k 


1-71 


1-72 


1-73 


1-74 


91 


1-76 


54 


which  again  gives  an  infirite  set  of  polynomial  solutions. 

From  this  we  see  that  if  B =0,  then  we  have  monomial 

2 

solutions;  also,  1-71  gives  L,  (n)  = 0,  so  that  the  parameter 

2 

is  gone  from  the  differential  e(iuation. 

SECTION  13 

OR'IHOGONALITY  OF  THE  SOLUTIONS 
OF  THE  DEGENERATE  FIRST  ORDER  EQUATION,  CASE  I 


Let 

w = an  integrating  factor  1-76 

Using  1-63  and  1-16"'  in  I-l , multiplying  two  such 
equations  by  w and  each  equation  by  the  solution  of  the 
other,  we  have  by  addition 


y 

r+1 

w(B^x 

m 

1 

y 

-in  r+1 

w(B  X 

n 

1 

8 + 1 


+ B„x 

2 

+ B X 
2 


8 + 1 


+ L (m)x®ly 
J m 


« 0 


m 0 


r+1  8+1.  r 

w(B^x  * )(y^y-  . y_^y.)  . (y__^y^) 


+ ri<  (m)  + L fn)lwx®  y y 
L 6 2 J m n 


0 
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Bat  we  observe  that 


d 

SI 


—/  T.  r+1  s+1 . , 

w(B  X ♦ B..X  ) (y  y 


ra  n . 


w(B^x  + 


(y  y' 


*77') 
n m 


+ 


d 

II 


w(B^x 


r+1 


+ B 


2 


( y_y„ ) 

m n 


1-77 


Accordirgly,  integration  of  cur  preceding  result  gives 


?(B 


Lgfm) 


J X 


1—8 

S * wx  y y dx 
® n 


1-78. 


provided  that 


d 

H 


wf  B^x 


r+1 


+ B X 

2 


_ r 
2L  wx 
1 


1-79 


Dividing  by  w(B  x^"*^^+  B^^x®"*^^)  and  multiplying  by  dx,  we 
have,  using  1-3, 


dfwq)  2Lj^x^  dx 

K 

B x^"^^  + B x®'*’^ 

X 4^ 
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Dividir>g  our  ar  ir  the  right  member  and  integrating,  we 
hare 


2L^  S 


dx 

B^x  ♦ B^x 


s-r+1 


Bn 

Multiplying  by  __1  and  adding  and  subtracting 
we  have 


Bgx 


s-r 


BpX  + BgX 


8-r+l 


In  ( wq ) = 


2L. 


B, 


/ 


B-X  + B^x 
X c 


8-r+l 


- / 


8-r 

B X dx 
2 


V*  V 


8-r+l 


2L. 


B, 


21, 


B, 


In  X - __L_  In  (B.  + BoX®“^) 
s-r  1C 


2L, 


B. 


In 


/ r,  r,  8-r,  r-8 
x(B^+  B^x  ) 


wq 


x(B  +B  x®’"") 
1 “ 


r-s 


2L^ 

“5“ 


1-80 
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2Ln 


2L. 


wq  = X 


®1  (b,-bV-') 


1-81 


Using  1-3  again,  we  have 


w = X 


Bi 


-r-1 


( B^  * BgX 


2L 

- 1 

8— r > B,  ( r— s ) 


) 


1-82 


I*ow  for  polynomials  the  subdegree  is  ^0.  Hence  from 

1-68  or  1-74,  ^^0.  But,  as  in  I-E7  or  1-31,  we  take  s^r, 

B-j 

so  that  r-8  <0.  Hence  the  exponent  on  the  parentheses  in 
1-81  is  >0.  By  1-68  or  1-74  the  subdegree  of  the  product 


2L, 


(x 


1 y_y  ) 

m n 


which  is  in  the  bracket  of  1-78  by  virtue  of  1-3  and  1-81, 
is  zero.  Therefore  the  bracket  of  1-76  vanishes  at  the  roots 


'®i*V  ’ 


of 


38 


B,  . 

and  if  |8-r|  - |^j  is  ever,  — \0,  and  L^fm) 
we  have  a real  interval  of  crtSogonalit;^,  and. 


1-78,  the  orthogonality  relation 


4 

again  from 


— 6 

/•^•wx  yy  dx=0,  m/n 
X m 

0 


If  B,  0,  as  well  as  A = A = 0 of  1-63,  then  1-80 
1 1 2 

becomes 


In  fwq) 


c dx 


S X 


r-s-1 


dx 


r-8 

2L^x 


2L^x 


r-8 


1-83 


Wsj.  = e 


B^(r-s) 


1-84 


Z9 


But  for  h =0,  then  I-6o  or  I-7£  gives  L = 0,  Hence 

1 _ 1 

1-84  gives  wq  = 1,  so  thot  there  is  ro  interval  of 
orthogonality. 

If  B t 0,  as  well  as  A ~ A =0  of  1-62,  then 
2 ’ 1 £ 

1-80  becomes 

In  (wq)  = 2L  / ii- 
1 


In  X 


= In  X 


1-85 


dince 


-±<0,  as  shown  ff,I-8E,  then  there  are  no  finite 

of  1-85,  and  therefore  no  interval  of  orthogonality. 


roots 
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SECTION  14 

VANISHINC  OF  THE  INT30RATE0  SQUARE  OF  THE  SOLUTIONS 
OP  THE  lEGENERATE  FIRST  ORDER  EQUATION,  CASE  I 

UBing  1-63  in  1-16"'  in  I-l , and  multiplying  the  result 

Ly  2wy  , we  have 
n 


2w(B-x^^^+  B y' 

1 2 n n 


+ 2w 


r , . S' 

L X + L |n)x 
. 1 2 


n 


Using  1-79  and  the  relation 


(y^)  = 2y  y' 
dx  n n n 


in  this,  we  have  by  integration 


— r+1  _ s+1.  2 

w(B,x  +B„x  )y 
1 ^ n 


— s 2 

1 + 2L  (n)  / wx  y dx  = 0 


X n 

0 


Using  1-3  and  1-81  in  the  bracket,  we  have 


r 2L, 


2L. 


! o_r  B fr-s)  £ / V - s 2 ^ 

!x  ^ (B, + B^x  ) 1 y + 2L  (n)  / 1 wx®  y dx 

12  nj  X ^ X 


= 0 


n 


1-86 


The  hracket  va’^ishes  arder  the  same  ccrditicT’S  as  for  the 


ul 


estohl  ishme>''t  of  the  orthogorol  1 ty  relatior*  1-83,  so  that 
we  hove 


X ^ g 2 

J ^ wx  y dx=0,  L(r)y'0  1-87 

X n S 

0 

That  is,  the  irte.^rated  square  of  the  solutiors  var.ishes  for 
all  n such  tnat  !•  (n)  / 0.  Hence  we  cannot  expand  an 

w 

arbitrary  function  in  terms  of  the  solutions. 


iiKCTlOIi  15 

SOLUTIONS  OF  THS  LKGEIiFilATE  FIHST  ORDSIi  K QUA T ION,  CASli  II 

From  I-l  the  differential  equation  degenerates  to  first 
order  when 


and  from  section  3 'we  had 

Case  II:  L (n)  = L , a constant  independent  of  n.  1-19"' 

Using  1-63'  in  1-43, we  have  the  indie ial  equation  for  the 
order  Jc  of  the  descending  series  solutions 


'12 


B k + L =0  1-88 

2 2 


from  which  we  have 


L - - B k 1-89 

2 2 


and 


1-90 


Using  1-63'  in  1-40',  we  have  the  closure  equation  for 
the  subdegree  h(n)  of  the  doscendinR  series  solutions 


h(n)  + L^(n)  * 0 


1-91 


from  which  we  have 


L (n)  = - B^  h(n)  1-92 

1 1 


Using  1-63',  1-19"',  1-89,  and  1-92  in  1-30,  we  have 
the  recursion  product  for  the  descending  series  solutions 


1-93 


n 


0 

l£  + ©J 


I 

V V/ 


9-1 


~rr  1 “ h(n) 


9! 


r. 


0 

k 


which  gives  us  only  a finite  number  of  polyr'omiul  solutions. 

Prom  this  we  see  that  if  * 0,  then  we  have  monomial 
solutions;  also,  1-91  gives  L^(n)  = 0,  so  that  the  parameter 
is  gone  from  the  differential  equation. 

Using  1-63'  in  1-59,  we  have  the  closure  equation  for 
the  order  h of  the  ascending  series  solutions 


B h + L = 0 
k 2 


1-94 


from  which  we  have 


and 


1-96 


1-96 


Using  1-63'  in  1-53',  we  have  the  indicial  equation 


for  the  Bubde,??ree  kfr) 


of  +he  ar,ce’‘'di’^g  vseries 


k(r)  + L^(n)  = 0 


from  which  we  have 


L (r.)  = - B k{n) 
1 1 


1-97 


1-98 


Ueing  1-63',  1-19"',  1-95,  and  1-98  in  1-33,  we  have  the 
recursion  product  for  the  ascending  series  solutions 


n 


9-1 

TT  U + ^ 

vj 


1-99 


which  again  gives  us  only  a finite  number  of  polynomial 
solutions . 

Prom  this  we  see  that  if  B =0,  then  we  have  monomial 

2 

solutions;  also,  1-94  gives  L = 0. 

3 


OHTHOGOIii.LITY  OJ;’  IHii  i;0LU■TI0I^3 
OF  TSF  DKGjiliFRATj:  FIR3T  ORDiiR  Eh.UATION,  CASii  II 

Using  I-o3'  ara  1-19"'  in  I-i,  mul tiplyi^g  two  saoh 
e4uatio'"'a  by  the  w of  1-76,  and  each  e^iaatlon  by  the  sclation 
of  the  other,  we  have  by  addition 


wfB  + B y'  + y y' ) + 2LpWx®(y  y ) 

1 2 m*^n  n m 2 m n 


L (n)  + L (m) 
1 1 


— r A 

wx  y y » 0 
m n 


Using  1-77,  we  have  by  integration  of  this 


r+1  - 8+1. 

w(B^x  +B^x  )y^y^^ 


-■^0 


^ +jL^(m)  + I'jfr. )j  S ^ wx^  y_y_  dx  « 0 


m n 


provided  that 


d r+1  ^ s+1,1 

^|^w(B^x  + BgX  )J 


2L  wx® 
2 


I-lOO 


I-lOl 
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_ r+1  s+1  , - ^ j 

Dividing  by  w(B^x  ^ ^ iXiuitiplying  by  dx, 

have,  using  1-3, 


we 


d(  w,;^) 
wq 


2L  X dx 
2 


r+1 

B^x  + BgX 


3 + 1 


8 

Dividing  out  an  x in  the  right  member  and  integrating,  we 
have 


_ 

In  (wq)  = 2L  / 

2 r-s+1 


®2 

Multiplying  by  — and  adding  and  subtracting 
we  hove  ^ 


BiX 


r-8 


+ BgX 


2L, 


In  ( wq ) = 


B 


2 


S 


(^1 


x^“®+  Bc)dx 


r-8 

P, B X dx 

^ - / 1 , 

r-8+1 


B 3fr-8+l+  2 B * ‘'■*+Bx 

1 2 1 E 


2L. 

c 


B. 


I \ z.  r-8-1  , 

fr-8)B,x  dx 

^ ax  ^ 1 

T JT  "*8  T — fl 

V 


I-1C2 


* r» 

‘t 


r 


In  X — Ir  (B-x^”®+  B ) 

r-s  ■>•  <« 


2L. 


B 


In 


x( B^x^  ® + B^ ) 


s-r 


wq  = 


x(B  X + B ) 
1 2 


3-r 


2L, 


B, 


2L, 


B^O-r) 


1-103 


Using  1-3  again,  we  have 


w = X 


^ 21g 

Bp  ^ r-s  B.  ( a-r ) ” 

<v  ' 


1-104 


We  may  write  1-103  as 


2L, 


wq  = 


3-r  r-s 
X (B  X + B ) 
1 2 


B^(s-r) 


.3 


from  which  we  hnye 


2Lg 


a-r 

wq  = ^ 


1-105 


liow  for  polyromials  the  order  is  0,  and  in  this  case 
II  it  is  determined  by  1-90  or  1-96,  wnich  then  give  ^/O. 

Bp 

But,  as  in  l-'d,7  or  1-31,  v/e  take  s^  r,  so  that  ^ 

8-r)>0.  Hence  the  exponent  on  the  parentheses  in  1-105  is 
negative,  so  that  the  fc^ctor  is  essentially  in  the 
denominator.  Accord irgiy,  using  1-3,  the  bracket  in  I-lOO 
becomes,  with  the  aid  of  1-90  or  1-96,  find  1-98  or  1-98, 


m n 


m n -Dp 


m 

*^h(m ) 


n h(m)+hfn) 


2L  8L 

2 2 


B.. 


Bgfs-r) 


0 

X 


of  which  we  car.  say  only  that  it  vanishes  only  at  the  origin, 
provided  that  h(m)  + h(n))>0.  This  means  that  in  general 
there  can.  be  no  interval  of  orthcgcnality. 
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If  B,  = 0,  UH  well  us  xi  - A 
1 12 

becomes 


0 of  1-6Z,  the?"!  1-102 


In 


( wq) 


B 


d X 

" V 


In  X 


= In  X 


wq 


1-106 


Since 

of 


as  shown  ff. 1-105,  then  there  are  no  finite  roots 
1-106,  and  therefore  no  interval  of  orthogonolityo 


If  B,  =*  0,  as  well  as  A 

1 


A . 0 of  1-63,  then  1-102 
2 


In  ( wq ) 


/ 


B^x 


dx 

r-8+1 


becomes 


50 


In  { wq ) 


OT 

""2 


S X 


8-r-l 


dx 


2L„x 

2 


3-r 


B^(s-r ) 


2LgX«-^ 

_ B (a-r) 

wq  = e 1 


1-107 


But  for  B = 0,  then  1-88  or  1-94  gives  L b 0.  Hence 
1-107  gives  wq  c 1,  so  that  there  is  no  interval  of 
orthogonality. 


8BCTI01*'  17 

VAHISHII5G  OP  THP  INTiSGBATBL'  B^UARifi  OP  THii  S0LUTI0N8 
OP  THE  DEGENERATE  PIRST  ORDER  EQUATION,  CASE  II 

Using  1-63'  and  1-19'*'  in  I-l , and  multiplying  the 

result  by  £wy  , we  hove 
n 


2w(B  + B x^'^^jy  y'  + 2i (n )x^  + L x^ 
X c n n L i 2 


51 


Usirg  1-101  and  I-d6  in  this,  ^ve  have  b-  i’^tegraticr 


w(B.x  + B,,x  )y 
2 n 


X r S 

^ + 2L  fr. ) / ^ wx  y dx  = 0 

1 X r 


The  bracket  here  is  the  same  as  that  in  I-lOO  for  which  we 
have  shown  there  is  no  interval  of  orthogonality. 


3ECTIC11  18 


liOK-TELEoCOPIIJG  Oi?  TrIE  AdCEiJiliia  BEiOEO  OCLJTICI^’d,  CASE  I 


Using  1-16  in  1-52,  we  have  the  recarsion  product  for 
the  ascending  series  solutions 


n 

°k+9j 


9 JT  A„(k+5^j)^+  (B -A  ) fk+jfj)  + L (n) 

(-1)  ksL  o” 

9 ..  k 

77"  A U+5Z«J)^+  (B  -A,  )(k+5^J)  + L, 

jj.l  1 ^ 1 


The  irdicial  equation  for  the  subdegree  k of  the 
ascending  series  solations,  1-08,  shows  that  k is  a constant 
having  at  most  two  values.  Hence  the  denominator  of  1-109 
does  not  contain  n,  whereas  the  numerator  does  , and  only  in 
the  term  L^[v.) . Therefore,  there  can  be  no  cancellation  of 


1-108 


1-109 


52 


factors  holdi^"'/?  for  all  rt  In  the  recursior'  product  for  the 
Qscerdin^  series  soluticr.s. 


biiCTIOI/  19 

liOH-TiiLKdCOPIfiG  OF  THil  DF3Gr;i«DIi*G  iSKHIFd  SOlUTIOIiS,  CASK  I 

Using  1-16  and  1-36  in  1-30,  we  have  the  recursion 
product  for  the  descending  series  solutions 


n 


(-1) 


Jf  A (ic+fTj)  + (B  -A  J fk+jzfj)  + L 
0 11  1 

I 

(B  -A  ) (k+j!(j)  - A k -(B-A  )k 
0=1  c 2 2 


n 

c 

k 


1=110 


13 


?ut  (j^+i)  lor  4 ir.  the  dune  tor  and  obtain 


e-1 


1 n 
_ 0. 


I-lll 


For  fj^+i)  to  be  a factor  of  the  nujaerator  for  all  n for 
some  particular  value  of  i,  then  = - i must  maie  the 
numerator  identically  equal  to  zero  for  all  values  of  k, 
since  from  1-35',  we  have  ic  = k(n),  a function  of  n.  That 
is,  we  must  have 


Therefore  the  coefficients  of  the  k's  must  all  be  zero. 
Hence  we  have  the  equations: 


A = 0 
1 


I-llE 


-2A^Ji+  B^-A^  = 0 


1-113 


1 : 


0 


1-114 
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i?’rom  1-112  wo  have  = 0.  Usir'.g  this  Iv  I -11 3 gives 

us  B = 0.  Ther  I-lll  gives  us  L = 0.  Kerce,  from  I-llO 
1 '^1 

the  numerator  of  the  recursion  product  is  zero,  and  we  have 
monomial  solutions. 

For  j to  be  a factor  of  the  numerator  of  I-llO  for  all 
n requires  that  the  coefficients  of  the  terms  not  containing 
J shall  be  zero.  This  requirement  gives  us  the  equations 

2 

k : A = 0 

1 

k : B - A = 0 

1 1 

1 : 1=0 

1 

Using  the  A^  = 0 from  the  first  of  these  in  the  second 
gives  B^  = 0.  Thus  again  the  numerator  of  the  recursion 
product  I-llO  is  zero  and  we  hove  monomial  solutions. 

However,  A^ , may  all  be  divisible  by  j,  since 

j is  a constant,  and  in  this  way  j may  be  a factor  of  the 
numerator  of  I-110„ 

If  now  for  all  n and  some  particular  value  of  i the 
numerator  of  I-lll  is  to  have  in  common  with  the  denominator 
the  factor  in  the  brocket  of  the  denominator,  then  we  must  have 


55 


2A 


Ai^  J(B^-A^)j^+  (B^-A^)k 


+ L, 


= (E^+Fk+H) 


AgJj2(+  2A^k+  (A^Ji  + Bg-A^) 


Therefore  the  coefficients  of  the  corresponding  powers  of 
^ and  k must  be  equal,  Hence  we  have  the  equations 


j 


1-115 


2 

A J = A JE 
1 2 

1-116 

jTk; 

2A^J  = 2A2E+A2JP 

1-117 

2 

k : 

A - 2A  P 
1 2 

1-118 

^ •• 

J(B^-A^)  - (Agji+  B^-A^)E  + AgjH 

1-119 

k : 

(B^-A^)  - (Agji+  Bg-Ag)P  +2A^H 

1-120 

1 : 

L = (A  Ji+  B -A  )H 

1-121 

We  proceed  to  show  that  these  equations  are  satisfied 
in  five  ways  yielding  four  different  results,  as  summarized 
in  the  following  chart: 
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A P 
2 


= 0 


(1-124) 


( 1-124'  ) 


1-122 


(1-128) 
( 1-69 ) 


0 


(1-130) 

B E -=  0 
2 

( 1-131 ) 

/ \ 

• 0 E « 0 

2 


E - 0 


B » 0 B = 0 

1 1 

( 1-130')  (1-130") 


L - 0 
1 


No  (1-133)  (1-133)  Mono- 

D.E.  (1-134)  (1-134)  miala 
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An  J 

From  1-116,  either  K » , or  j = o.  The  latter  we 

^2 

dismiss  as  giving  monomial  solutions.  Using  the  former 

in  1-117  gives 

A,  J 

2A  J -=  2A„(-L_)  + a jP 
1 2 Ag  2 

. EA^J  *AgJP 

Hence 

A jP  « 0 
2 

Since  for  other  than  monomial  solutions  we  must  have  j / o, 
then 

A P - 0 1-123 

If  A » 0 from  this,  then  1-116  gives 
2 


A « 0 
1 


1-124 


With  these  1-118  is  satisfied.  Also,  1-119  gives 


from  which 


E = 1-125 

®2 

1-120  gives 

» B F 
1 2 


from  which 

B 

1 

P = — 1-126 

Be 

1-121  gives 

Li  - B^H 


from  which 

H - 1-127 

B 

2 

Accordingly,  using 
the  results  1-125, 

■^2  = ^1  = 0 from  1-123  and  1-124,  and 
1-126,  1-127  in  1-115,  we  have 
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Thus  the  conurion  factor,  the  bracket  of  1-115,  is  reduced 

to  the  corstant  B . Moreover,  with  A »=  A » 0,  the 

^ 1 2 

differential  equation  reduces  to  first  order,  with  the 
results  consequent  to  1-63, 

If  F = 0 from  1-123,  then  1-118  gives 

A^  = 0 1-124' 

With  this  in  1-116,  we  hove,  since  i 

A E = 0 1-129 

2 

If  P - A - A = 0 from  1-123,  1-124',  and  1-129, 

J.  w 

respectively,  then  1-120  gives 


B « 0 
1 


Using  these  results  in  1-119,  we  have 


1-130 


B £ B 0 
2 


1-131 


If  P . A = A = B = B =0,  from  1-123,  1-124', 
12  12 

1-129,  1-130,  and  1-131,  respectively,  then  from  I-l  we 
see  that  the  differential  equation  no  longer  exists. 
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If  F=A  =A  =B  from  1-18?,  1-124',  I-1E9, 

1 2 1 

1-130,  and  1-131,  respectively,  then  1-121  gives 


L = B H 
1 2 


from  which 


B 

2 


Using  these  results  in  1-115,  we  have 


1-132 


1-133 


Thus  the  common  factor,  the  bracket  of  1-115,  is  again 

reduced  to  the  constant  B . Moreover,  with  A = A =0. 

2 12 

the  differential  equation  is  again  reduced  to  first  order, 
with  results  consequent  to  1-63,  except  that  in  this  instance 
the  recursion  product  I-lll  reduces  to 


n 

°lc+©j 


L ® 

,1.1  n 
(-  — ) 0, 

Bpj  e:  ^ 


1-134 


instead  of  to  1-69,  so  that  we  have  an  infinite  series 
solution  provided  / 0,  in.  which  case  we  have  monomials, 
as  followeu  also  from  I-69o 
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If  P = = E = 0,  from  1-123,  1-124',  1-129, 

respectively,  then  1-119  gives 


BiJ  - 

from  which 


B «=  A E 
1 2 


Also,  1-120  gives 


B = 2A  H 
1 2 


Equating  these  two  expressions  for  B^  gives  us 


2A  H «=  A H 
2 2 


from  which 


A H « 0 
2 


1-135 


If  P = A * E « A = 0,  from  1-123,  1-124',  1-129,  and 
1-136,  respectively,  then  1-119  or  1-120  gives 


B 


1 


0 


1-130' 


6Z 


Also,  I-lSl  gives 


from  which 


1-132’ 


Accordingly,  we  again  have  the  results  1-133  and  1-134, 

If  F = = E . H = 0,  from  1-123,  1-124',  1-129,  and 

1-135,  respectively,  then  1-119  or  1-120  gives 


ffith  these  results  the  recursion  product  I-lll  becomes  zero 
in  the  numerator,  and  we  have  monomial  solutions. 

SECTION  20 

NON-TELESCOPING  OP  THE  DESCENDING  SERIES  SOLUTIONS,  CASE  II 
Using  1-19  in  1-30  we  have  the  recursion  product  for  the 


B = 0 
1 


1-130" 


and  1-121  gives 


L = 0 
1 


1-136 
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desoerdirg  series  solutions 


c 


ic+ej 


n 


0 


r. 


k 


1-137 


The  indicial  equation  for  the  order  k of  the  descending 
series  solutions,  1-43,  shows  that  k is  a constant  having  at 
most  two  values. 

Thus  the  situation  here  in  1-137  is  the  same  as  that  in 
1-109,  the  recursion  product  for  the  ascending  series 
solutions.  Case  I,  In  fact,  a mere  interchange  of  subscripts 
interchanges  1-137  and  1-109. 

Accordingly,  we  conclude  as  we  did  for  1-109  that  since 
the  denominator  does  not  contain  n,  whereas  the  numerator 
does,  and  only  in  the  term  containing  the  parameter,  then 
there  can  be  no  cancellation  of  factors  holding  for  all  n in 
the  recursion  product  for  the  descending  series  solutions. 
Case  II. 
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SiSCTION  21 

IIOH-TELESCOPIUG  OP  THE  ASCEIIDIHG  SERIES  SOLaTIOKS,  CASE  II 

Using  1-19  and  1-54  in  1-33,  we  have  the  recursion 
product  for  the  ascending  series  solutions 


W'-i> 


0 


2 

IT  A (lc+5i(J)  + fB^-A  ) Oc+5^J)  + L 

(L—  0 ^ 6 c 6 

Q P 3 

TT  A^(k+9(J)‘'+(B^-A^)(k+5^J)  - A^k  - (B^-A^)k 


n 


(-1) 


2 2 2 

© 7^  A^J  4 +2A2J9^k+Agk  + J(B2-Ag)5^+  (B^-=A^)k  + L. 


^2  "2 '""-^2  n 


0 


IT  A J Zk  Uk*  j(B  - A )j^ 


©-1  2 2 2 

-1  ® 7^  ^2^  ^ +2AgJ5^k  + Agk  ♦ J(B2-Ag)5^+  (B^-Aglk  + Lg 

f — -)  * — — — — 0^' 


i 


0 


JT  i (A,  Jj^+  2A.k+  B -A,  ) 


5^=1 


1 1 


k 


1-138 


Put 


(9^+i)  for  4 "the  denominator  and  obtain 


K 3 
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0 


n 

k 


1-139 


The  situatior  here  is  converted  into  that  of  I-lll,  the 
recursion  product  for  the  descending  series  solutions.  Case  I, 
hy  an  interchange  of  subscripts.  Hence,  the  niethods  applied 
to  the  study  of  that  case,  and  the  results  obtained  there,  as 
sumjTiarized  following  1-114  and  in  the  chart  1-122,  can  be 
transferred  to  this  case  of  1-139,  the  recursion  product  for 
the  ascending  series  solutions.  Case  II,  by  an  interchange  of 
subscripts  in  the  work  following  1-115. 


PART  II 

WON-CLASSICAL  ORTHOGONAL  POLTOOMIAL  , SOLUTIONS 

with 

ALGifiBRAIC  WEIGHT  FUNCTION 
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SiSCTIOi^  I 

OHDiiR  ANE  SUBDKGHifiii  OF  THK  POLYNOMIAL  S0LUTI0N3 

In  this  second  part  of  the  dissertation  we  consider  the 
polynomial  solutions  which  obtain  when  the  bracket  in  1-62 
is  zero;  that  is,  when 

- k^K*  . 0 II- 1 

Multiplying  both  sides  by  A K*  and  transposing  gives 


Wl  <V^2> 


Taking  the  square  root  of  both  sides  gives 


AgK* 


/z 


(B,-Ag) 


Using  this  in  1-51  gives 


IT-2 


k(r ) 


-(Bg-Ag)  ^Aa^A^K*  fB2=A2)Gn+  (Bg-A.)^ 


II-3 


2A, 


ji’rom  this  we  hove 


lc(n) 


-(Bg-Ag) 


t[zA^k^Zl  On  : IBg-Ag)] 


2A, 


II-4 


This  gives  rise  to  four  possible  results  for  k(u)o  Since  for 
polynomials  1-48  requires  0^0,  then  for  k(n)^0,  the 
conditions  indicated  must  hold: 


A Kj 

k Jn)  = L±1  Gn 

^ A„ 


A2>0. 


II-5 


k (n)  = - — Ll_2 

C A 


Ag<0.  A^AgK|>0 


II-6 


-(Bg-A^)  * yAjAgK*  On 


k (n)  = - 
3 A 


Ag>  0,  A^A  K*>  0.  Bg  <Ag  II-7 


k f n ) 
4 


-(Bg-A^)  - yijAgK|  On 


. A^<0.  AjAgKpo,  Bg>  Ag  II-8 
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Lot 


u 


II-9 


It  will  be  showr  later  following  11-46  that  the 
existence  of  a real  interval  of  orthogonality  and  the  non- 
vanishing of  the  integrated  square  of  y^  together  will 
demand  that 


>u>l 


II-IO 


Accordingly,  if  A ^ 0,  then  by  II-9,  we  have  B )>  A , 

2 2 2 

contrary  to  the  requirement  in  II-7  for  the  possibility  Ic  (n), 

3 

Again,  by  II-IO  and  II-9,  if  A <(0,  then  B /a  , 

2 2 2 

contrary  to  the  conditions  required  in  II-0  for  the 

possibility  k (n)o 
4 

Therefore  we  can  have  only  the  possibilities  k^(r)  and 
kg(n)  of  II-5  and  Il-fa,  respectively.  Since  these  considered 
together  give  kfn)^0,  whether  A^O,  we  combine  the  two 
results  by  introducing  the  A into  the  radical  to  obtain  with 
the  aid  of  1-50 


k(n ) 


1^2 
A,Ki 


Gn 


II-ll 
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?roir.  this  we  see  thot  k(n)  will  be  ar>  ir.te;?er  for  all  r, 
so  that  v;e  may  have  yolyromial  solatiors,  provided 


N = / G 


"2^ 


11-12 


is  ar  integer ])>  1 . Then  we  may  write 


k(n)  = Kn 


IT-13 


Now  using  1-50  in  II-l  and  multiplying  by  gives 


11-14 


Using  II-9  in  this^we  have 


Vs  = Vi 
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Then  for  A ,A  4 

X w 

k(r.) 


we  hove  as  our  re(iuireirient  for  rational 


AgK^{v-l)^  = A^Zjj(u-l)^ 


11-15 


Rearrangeraert  of  this  gives 

AgZj  (a-l)2 


Taking  square  roots  gives 


v-1 


u-1 


11-16 


where  the  positive  root  is  taken  on  the  right  because  of 
II-IO, 


Wow  using  II-9,  we  have 


II.IlI!.  VVV 


11-17 
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Comblrirg  11-12,  II-16,  ar.d  TI-17,  we  have,  using  II-IO 


N 

G 


At  (Br-A^) 
1 ^ c 


v-1 


11-18 


SECTIOil  II 

COMPATIBILITY  OP  ORDifiR,  oUBDEGRiiii,  JUMP,  AND  PARAMETER 

For  compatibility  of  the  order  k(r),  subdegree  h(n), 
and  jump  J of  the  descending  polynomial  solutions,  we  must 
have  for  all  n 


k(n)  - h(n) 

] 


an  integer  <^0 


11-19 


Using  1-48  and  11-18, this  requirement  becomes 


N-G 

J 


n 


an  integer  <^0 


11-20 


which  means  that  we  mast  have  for  descending  polynomial 


solutions 
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N-G 

« - b 

i 


11-21 


where  b is  a positive  integer.  Using  11-18  in  this,  we  have 


1 

7 


G - G 


b 


The  requirement  may  then  be  written 


G 

7 


A (B  -A  ) 
12  2 

A (B  -A, ) 
2 11 


1 


-b 


11-22 


Combining  the  terms  in  the  bracket,  we  have 


G 


- b 


11-23 


Expanding  the  terms  in  the  bracket,  we  have 


G 


^’1 


* - b 
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v?e  may  .vrite  this  ir  determirant  form  as 


11-24 


From  this  we  see  that  G mast  contain 


J 


II-S5 


where 


J = g.c.do 


of  A (B  - A ) j and 
£ 1 1 


11-26 


or,  by  11-82,  if  |jj  =1,  then 


J = g.c.do 


of  Ag(Bi-Ai)  and  A^fB^-Ag) 


Now  the  closure  equation  solved  for  L(n)  is 
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L(r) 


£ £ 

-A^(i  n - ( 


1-49’ 


Prom  this  we  see  that  for  the  parameter  L|r)  to  be  an  integer 

for  all  n,  then  tho  coefficients  of  both  powers  of  n must  be 

Si 

integers.  Hence  G must  contain.  , where 

E 


E 


g.c.d. 


of  A and  K 
1 1 


II-E7 


That  is,  G must  contain 


11-28 


Also,  G must  contain 


where 


P - g.c.d.  of 


11-29 


11-30 
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Accordjrgly , 


G*  = 


n-31 


will  certair-ly  oontair  II-E5,  II-28,  ard  11-29,  and  with  a 
surplus,  as  indicated  by  the  brackets  in  the  following 
equations : 


G*  = 


A,(B  -A  )J 


Hence,  the  least  value  of  G which  will  make  11-24  and  1-49* 
integers  is 


11-32 


where 


Q = g.c.d.  of  /jlCj,E|,  and  11-33 
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That  is, 


G = 


K,A^(B^-Ai)J 


11-34 


where  Q,  J,  K,  F,  are  giver  by  11-33,  11-26,  11-27,  and 
11-30,  respectively. 

Thus  we  have  shewn  that  is  always  possible  to  find 
polynomial  solutions  of  I-l  if  ll-l  and  II-IC  hold. 

To  obtain  the  values  of  H and  G it  may,  however,  be 

more  expedient  to  use  11-16  to  get  11  , and  then  to  proceed 

G 

by  inspection  to  find  the  precise  value  of  G required,  as 
will  be  illustrated  by  the  numerical  examples  of  section  13, 
rather  than  to  follow  the  formal  procedure  outlined  above. 


biiCTIOi”  3 

THh  IliTjiGKATIWG  FACTOH 
We  have  from  preceding  considerations 


wp  » e 


1-9 » 


Using  1-2  and  1-3  in  this,  we  have 
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^ r+1  „ s+1 

B_x  + 

X -i s ax 

, r+2  . s+2 

A-x  + A^x 
1 8 


wp  = e 


11-35 


Using  II-9  in  this  we  have 


r+1  8+1 

UA  X + VA  X 
/ 2 

, r+8  , 3+2 

AiX  + AgX 


wp  = e 


Adding  and  subtracting 


UA  X 
2 


s+1 


, r+2  , 8+2 

A^x  + A^x 


in  the  i+>tegrand,  we  have 


/ 


. r+1  ^ 8+1 

uA^x  + uA^x  (v-u)Aj^x 


8 + 1 


A ^ . 8+2 

AjX  > Agl 


. r+2  . 8+2 

A^x  *AgX 


dx 


wp  * e 
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Lividi-t5  0U+  the  A + A.  in  the  first  terra  of  the 

JL 

irtegrord  and  x in  the  second,  we  have 


wp  * e 


(v-u) 


ApX 

S dx 

+A  x®“^ 

1 E 


Putting  r-s  = j <(0,  as  was  done  for  the  descending  series 
solutions  in  1-27,  we  have 


-jA 

. dx  v-u  , 2 

u / — + / dx 


J 


Ai^AgX 


-J 


wp 


Integrating,  we  hove 


wp 


u In  X + ]ilZ.  In  (A,  ♦ A,,x"^) 
j 1 

e 


u 


In  X + In 


(A^  + 


V''^' 


u-v 

J 
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wp  = e 


Ir 


^ V 


u-v 

J 

) 


We  may  write  this  in  the  following  three  forms: 


wp 


x^(A  + A 
1 2 


u-v 

J 


11-36 


u-v 

fA^+  Agx”'^)  ^ 


“U 

X 


11-37 


+ A^x 

2 


v-u 

) 


11-38 


Dividing  11-36  by  p and  using  1-2,  we  have  the 
integrating  factor 
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Agair.  usi’-!g  r-s  = j,  v/e  have  the  irtegratirg  factor  in  the 
form 


w 


u-r-2 

X 


'h*  V'*’ 


u-v 

J 


1 


11-39 


SECTION  4 

THE  INTERVAL  OP  ORTHOGONALITY 
Prom  11-36,  we  will  have  real  roots  of  wp  at 


I = 0,  (li)  _ 


A. 


if  v)>  0,  and  if  — i<^0  for  j an  even  negative  integer.  11-40 


h 


Prom  11-37,  wp  will  hove  real  roots  at 


. / A. 

2 = 00  , (ll  ) -j/_  -1 


ii  n > 

if  u/v<^o,  and  if  ~ <(0  for  j an  ever  negative  integer, 


11-41 
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i’rom  II-36,  wp  will  iic-vc  rotAl  roota  at 


X = 0,  t CD 

If  V <0  <u  IT-42 


The  possibilities  with  ir.fir.ite  root  are,  however, 
untenable,  i'or,  since  are  polynomials  of  order  k(n), 

where  ic{n)  is  an  increasing  function  of  n,  whereas  u and  v 
are  fixed  constants,  then  sooner  or  later,  as  n increases, 
the  order  of  the  bracicet  in  1-7,  namely 

Vp> 

Will  become  )>  0,  and  hence  become  Infinite  for  x = 1 oo  , 
instead  of  vanishing,  as  required  by  1-7  for  the 
establishment  of  the  orthogonality  relation  I-ll, 

Accordingly,  we  can  retain  only  the  possibility  of 
11-40.  This  establishes  the  inequality 


v)>  U^  0 


11-43 
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if  we  are  to  be  able  tc  express  the  in te, grated 
square  by  formula,  it  will  be  showr  later  followirg  11-117 
that  we  must  also  have 

v-u-1  = 0 11-44 


SECTIOIJ  5 


THE  ’//EIGHT  FUj/CTION 


Using  11-39  in  1-24,  we  have 


u-v 

u-r-2  , -J.  ^ 

X (A^+  A^x  ^ ) 


- 1 


(Z^x^+  KgX^) 


Combining  with  the  first  factor  an  x^  taicen  from  the  last 
factor,  and  from  1-27  using  r-s  - J , we  have  us  the  weight 
function  for  the  descending  series  solutions 


u-v 


- 1 


u-S  / , . “ j » ^ , -i . 

W = X (A^+  AgX  •')  KgX  •') 


11-45 


Now  from  11-13  and  1-48,  we  have 
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k(o)  ^ h(o) 


80  that  is  a corstart.  Accordirgly,  usirg  11-40  ard 

11-45  ir  I-E5,  with  m = n = o,  wq  have  for  the  integrated 
S'^uare  of  y^  the  integral 


itl) 


-J  + 1 


u-v 

2 u-2  -1i  J 

X ( A,  + A..X  ' ) 


- 1 


(K^+ICj^x"^)  dx 


11-46 


The  expansion  of  the  binomials  in  tne  integrand  results  in  a 

aeries  beginning  with  a oonstunt  terra.  Tlie  product  of  this 

u-E 

constant  and  the  factor  x iTiUst  be  x to  a power  greater 
than  (-1),  if  the  integral  is  to  converge  for  the  lower 
limit.  That  is,  we  must  have 

u-2  > -1 


which  means  that 

u>l  11-47 

Combining  this  last  result  11-47  with  11-43  gives  us 


V > u > 1 


II-IO 
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^iSCTIOH  6 

COMPATIBILITY  OF  OIGiiii  OF  THL  COLFFICIEKTS 
Ili  THii  DIFi-’ExiLiJTIAl  L«^UATIOII 

The  indioial  e^aation  1-45  for  the  descending  series 
solutions  solved  for  L(n)  is 


L(n)  = 


2 

-Agk  (r)  - (Bg-Ag)  k(n) 


Kc 


11-48 


The  closure  equation  1-47  for  the  descending  series 
solutions  solved  for  L(n)  is 


L(n) 


E 

-A^h  in)  - (B^-A2)  h(n) 


11-49 


Since  for  polynomials  we  must  hove  k(n)^h(n)^0  for 
all  r,  then  from  these  last  two  equations  and  the  fact  that 
A^^O  by  I-l  ff.,  we  conclude  that 


For 


♦ 

then  A^,  have  opposite  signs 

and  A^ , K have  opposite  signs 


11-60 
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Por  L(n) 

(o. 

then 

+ 

'l* 

+ 

have  the 

same  signs 

and 

^2 

have  the 

same  signs  . 

Prom  11-43 

and 

II-9 

we  conclude  that 

Por  u ^ 

>0, 

then 

+ 

^1’ 

+ 

h 

have  the 

same  signs. 

Por  V 

>0, 

then 

A , 

2 

have  the 

same  s igns . 

Prom  11-40  we  conclude  that 


11-51 


11-52 


Por  real  interval,  positive  if  J is  odd. 


then  A have  opposite  signs 


TT-53 


Por  real  negative  interval  if  j is  odd, 

+ -t 

then  A^,  A^  have  the  same  signs.  11-54 


Accordingly,  from  11-50,  11-52,  11-53  we  se  that  for 
real  interval,  positive  if  ^ is  odd,  and.  L(n)!^0,  then  we 
must  have 


+ 


A 


1’ 


A 


2’ 


+ - - + 


B 

1 


B 

2 


t 


11-55 
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Frcr.  IJ-fl, 
jcoitive  if  J is 


II-F-  ^ve  f-ec  thc.t  for  reel  irterval, 
cdcl,  ard  L(r)^C,  thcr  we  must  hnve 


II-&6 


From  11-50, 
irterval  if  j is 


11-52,  II -14  we  see  that  for  real  negative 
odd,  and  L(r)^0,  tnen  we  must  have 


11-57 


Prom  11-51, 
irterval  if  j is 


11-52,  11-54  we  see  that  for  real  negative 
odd,  and  L(r)-^0,  then  we  must  hove 


+ + + + + + 

A^,  Ag,  B^,  Bg,  Kg  11-58 

We  recall  that  II-ll  imposea  the  condition  that 
, A , K , Z„  be  ail  positive,  or  else  contain  two 
negative  signs.  We  observe  tnat  the  results  11-55,  11-56, 

11-57,  11-58  are  oil  in  accord  with  this  requirement, 

Following  11-98  it  will  be  shown:  that  for  u a fraction, 
then  11-57  and  11-58  cannot  ubtain. 
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3i:ricN  7 

HECURSICii  raCiaCT  ?CR  THE  IEEGEHTIU3  rCIYIJC?nAL  30DJTICNS 

Using  I-2S  i"  1-30,  -vo  have  as  the  reoarsion  product 
for  the  descending  series  solutions 


9 


E 

77“  Aj(k+0j)  + (B,-A,  )(k+5^J)  +Z-  L(n) 
^=0 

^ AgfJc+^J)^  + (Bg-A^)(k+j:Jj)  + Kg  L(n) 


11-59 


Now  let 


11-60 


Using  this  and  11-48  in  11-59  and  expanding,  we  have 


JT  2A  j5:fk  + A^k^  + J(B,-Ajj2f 

0 = 0 ^ 11'^ 

—5  — 

M 
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e-3 


77"  A + iiA  + (A^- A 

0 - c J. 

8 -J(B^-Aj)(<*[(Bj-A^)-IC*(B3-A3)jk 


ki 


n -1 

j’ 


n 


Q 

TT  4 

5»'=1 


11-61 


A^J^.  8V*  'V*b'] 


Sciuaring  11-18  gives 


Usir.g  11-60  in  this  gives 


II-6£ 


By  II-9  we  have 


B^-A^  » A^fu-1) 

and 


11-63 


B 


A„ (v-1 ) 


11-64 
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Usirg  TT-ie,  IT-G3,  TT-G4,  r.ra  TI-oO,  we  hove 


r 

r A_F.  ] 

(B - At  ) - -A„)  K = 

A (u-1 ) - A,  (v-1 ) 

[11  1 2 8 J 

J 

li  K(v-l) 

L. 


N 


- A^(K-G)(u-1) 


11-65 


Usirg  11-13,  II-6£,  11-65,  11-65  ir  the  ruir.crotor  of 
11-61,  and  11-15,  11-64  in  the  denominator,  we  have,  after 
factoring  A and  out  of  the  numerator  and  denominator, 

respectively. 


r \ 

‘ajj’ 


9 


7T  (/-S^r.^ 

5^=0 

+ J (u-1 )9  + (B-G) (u-1 )n 

_ 

^7J~  ^ + CNn  + (v-1 )] 


.n 


11-66 


how  in  the  discussion  of  closure  of  solutions  following 
1-57,  we  let  0(r)  to  the  value  of  0 for  which  we  obtained 
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the  last  non-vanishing  coefficient  descending 

series  solution,  and  showed  that  then  the  numerator  of  the 
recursion  product  1-30  hod  to  be  zero  for  « 0(n)o 

Accordingly,  the  numerator  of  the  recursion  product 
11-66  must  be  zero  for  6 having  the  value  0(n),  which  we 
have  previously  shown  is  related  to  the  order  i;(n)  and 
subdegree  h(n)  by  the  equation 

h(n)  » k(n)  ♦ 0(n) J 1-39' 

from  which  we  have 


0(n) 


h(n)  - k(n) 

J 


Using  1-40  and  11-13  in  this,  we  have 


9(n)  - 

J 


11-67 


By  11-21  this  becomes 


0(n)  = bn 


11-68 
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Since  the  numerator  of  the  recursion  product  11-66  is 
Eero  for  0 = 0(n),  then 


4 - 0(n) 


must  be  a factor  of  it.  Using  11-67,  we  have  this  factor  as 


. G-K 


Multiplying  by  the  constant  j,  we  take  this  factor  in  the 
form 


(N-G)n  11-69 

To  obtain  the  other  factor  of  the  numerator  of  11-66, 
we  divide  this  numerator  by  the  factor  of  11-69,  as  follows: 


U ♦ (K-»-G)n  (u-1) 

(K-Q)n  j 2JH  ^ + (K^-G^)n^-*-  J(u-1)^+  (N-G)fu-l)n 

J(K-G)5^n 
2 (If+G)^n 

Jfu-1  + (N-G)  fu-l)n 


0 
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Using  11-69  and  11-70  in  11-66,  and  this  result, 
together  with  11-13  and  11-68  in  1-26,  we  have  the 
lion-Classioal  Orthogonal  Polynomial  Solutions 


y, 


n 


e-1 

TT  [(K-G)n  ♦ J9^][{K+G)n  ♦ (u-1 ) 

^-0 3cNn+0J 

9 

9J  7^[2Kn  + (v-1)  ♦ J^] 


11-71 


For  the  particular  value  j » - 1 , this  becomes 


7 


n 


9-1 

77”  + (u-1)  - 

I fij  izl 

\hl  Q 

QI  //  [2Nn  + (v-1 ) - 


11-72 


SECTION  0 

DERIVATIVE  DEFINITION  OP  THE  POLYNOMIAL  SOLUTIONS 

We  now  consider  the  functions  given  by  the 

derivative  definition 


S -J 

X (AgX  + A^) 


Y 

n 


R 

D 


11-73 
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T an  integer ; R <(  S. 

If  we  impose  the  condition  that  R be  an  integer,  then 
our  derivatives  are  taken  in  the  ordinary  sense,  namely 

R 4 

D X - 4 [4-^]  [9^-(R-l)]x 


which,  if  ^ is  an  integer,  we  may  write  as  i 


R 4 
D X 


or,  if  4 integer,  as 


R 4 

D X 


r (j^-R+i) 


11-74 


i 


which,  by  the  definition  of  the  j function,  would  of  course 
include  the  case  of  ^ an  integer. 

However,  we  may  admit  formal  derivatives  of  fractional 
order,  defined  by  this  same  relation  11-74,  R being  taxen  as 
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a fraction;  an  integer  or  fraction  as  before. 

Formal  derivatives  of  fractional  order  for  the  general 
function  f(x)  are  defined  by  the  formula  (3, Vol . II,po339 ) 


R 

D f(x) 


m -9 

D D f(x) 


m , X 

= D j- 

r(e)  0 


9-1 

fx-t)  f(t)  dt 


11-76 


where 

and 

that  is, 
where 


R = m-9,  0<9<! 

m = the  smallest  integer^R; 

- [R]  . 1 

[r]  = the  largest  integer  in  R. 


R 

D f(x)  exists  if  f(x)  has  continuous  derivatives  up  to 
and  including  the  m th  order. 

d 

For  the  power  function  f(x)  » x , we  have 


R 4 
D X 


m -9  9^ 

D D X 


m 


Re) 


s 

0 


(x-t) 


9-1 


4 

t dt 


But  the  Beta  function  is  given  by  (12, p, 166,  equation  3) 
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1 

^©+(5i(+l)-l 


X ©-1 

/ fx-t) 

0 


(5^+1  )-l 
t dt 


11-76 


provided  ©)>0,  ^>-1,  Herce 


R ^ m , fl^+g 

D X - D B(0,9^+1)  X 

Re) 


But  fl8,pol67,  equation  6) 


Bfm jU ) 


Hm)  Hr) 
P(m+r ) 


11-77 


Hence 


E®  / . e“  JL  r(9) 

r(©)  rfj^+Q+i) 


r(^+i)  m 

B X 


Differentiatirg  by  11-74,  m being  ar.  integer,  we  have 


R 4 
D X 


r(j^+9+i)  ) 


Since  from  11-76  R = m - 9,  this  gives 


V X • X 

r (^-R+i) 


11-74 » 


as  the  definition  of  formal  derivative  of  fractional  order 
for  the  power  function. 

Now  expanding  the  binomial  in  11-73,  we  have 


n 


R S T 
D X 3" 


9=0 


m -1  T-9  9 

's’  'V  ^1 


B T e T-e  S-(T-9)J 

D A.  A.  (J)  I 


9-0 


1 2 ©' 


2 tro^Aj 


ll)  D 


R 


S-(T-9) J 

X 
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Carrying  cut  the  indicated  differertiatior;  uoirg  11-74  yields 


Y 

n 


a''  (*)  r[a-  (T-9)j*l] 

^ 9‘0\h)  * r[s-s-  (T-9)J*l] 


S-R-fT-0) j 

X 


11-78 


Putting  J = expanding  and  multiplying  numerator  and 
denominator  by  the  quantities  indicated,  we  have 


y 

n 


/(jlkiM  . (!i,  I r[s^(T-i)3.ii 

2 j^rfs-K+Tj+l]  Ag  i:  |"[S-R+(T-1)3+1] 


_s+t3»i 

0 • • 

>+t3-(j-d] 

[s^Tj] 

[s+t3-i] 

• • • 

s+t3-(  3-d] 

[S-R^T?]  [s-R->tI-1]  ,..[8-R-»TJ-(J-l)]  S-R-(T-1)J 

[s-r+tJ] [s-r+t3-i] 0 . . [s-r+tI- ( j-1 )] 


+ 


T(T-l) 

Zl 


f [S+fT-2)  J + l] 

r[S-S+fT-2)J-*^J 


[s«t3]  [s*i3-i]... 

[st  T j]  [s*  ij-i] . . . [s+ 1 j-  ( j-a )] 
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[3->-  ( T-1 ) 3]  [Sf  ( T-1 ) 3-l]  . . . [s-f  ( T-1 ) j-  ( 3 -1 )] 
[S+  ( T-1 ) j ] [S+  f T-1 ) 3 -l]  . . . [S+  ( T-1 ) J-  f 3-1 )] 


[s-R+TJ]  [s-R+Tj-l 

...  [s-r+t3-(3-i)] 

[s-r+tJ]  [s-r+t3-i. 

...[s-r+t3-(3-i)] 

[S-R»  ( T-1 ) 3]  [S-R-^  ( T-1 ) j-l]  o o , [S-R^^  f T-1 ) J - ( J-1 )] 
[S-R+  ( T-1 ) 3]  [S-R+  f T-1 ) 3-1  ] o . . [S-R+  ( T-1 ) 3-  ( 3-1 )] 


S-R-(T-2) J 

♦ X ♦ . . . 


+ 


(1) 


f( 3+1 ) ' [s+t3J  [s+t3-iJ  . . . [3+1] 
r(3-R+l)  ° [S+t3]  [S+t3-1]...  [3+1] 


o 


[s-r»tJ]  [s-r+t3-i]  » . . [s-R+l] 
[s-R+t3]  [s-R+t3-1].  . . [s-R+l] 


* 


J 


11-79 


n 


A, 


r(s+T]*i) 

ffS-R+Tj+l) 


z' 


3-R-Tj 


X 
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[s-r.tI-i]  . . . [3-h.t3-(3-i  )]  ^.a-rx-Dj 
A«y  ^ [a+Tj][3+T3-i] ...  [s+tI-( 3-d]  * 


fh'f  T [^“^•"'^3]f^-2+'J^3"l]**-[^-H+(T-D3-f3"l)]  S-R-(T-2)J 

Ug  / 2 [s+t3][s+t3-i]  ..o[s+Ct-i)J-(3-d] 


,t,[s-r-*-t3][s-h+t3-i]...[s-h+i]  s-r 

+ ...  + ( — I I ) ■ ■ T 


A, 


[s-^t3]  [s+t3-i]  0 o . [s+i] 


T . a’’  riS.Tj.l)  T 

” ® nS-R+Tj.I)  ^0 


/T) 


j-  1 3-R-(T-9)J 

“ e 3-1  - ^ 

IT  IT  s+(t-|!^+d3- i 

p=l  i=o 


wherein  as  following  1-30  we  define 


-1  0 

7T  - TT  ^ 1 

0 1 


11-79 


11-80 


ICl 


For  the  jarticulor  value  j = - 1 , we  have 


Y 

n 


r(S+T+l) 

^ r(S-R+T+l) 


9-1 


'a  \®  IT  (T-5^)(S-R+T-5^) 
tl 


0 


9) 


K 


(S+T+l-jO 


S-R+T=0 

X 


11-81 


Comparing  11-81  with  11-72,  we  see  that  in  order  to  be 

able  to  identify  the  functions  Y of  11=80,  which  we 

n 

obtained  from  definition  11-73,  with  the  solutions  y of 

n 

11-71,  we  must  take  j = -1  . Then  in  11-72  and  11-81  we 
make  the  following  identifications: 


T * (H-G)  n -1 
S +T+1-  (2»)n+  (v-1)  +1  +1 
S - H + T = IN+G)  n + (u-1)  -1 


R + 1 ■ (N-G)  n + (v-u) 

R = (N-G)  n + (v-u-1) 


-1 


.8 

8 


+ 1 = (K+G)  n + fv-1) 
* (5+G)  n + (v-2) 


+ 1 


11-82 

11-83 

11-84 


11-85 

11-86 

11-87 


S - R 


(2G)  n + fu-1) 


11-88 


10£ 


r(b+T+l) 

A 

£ r(S-H+T+l) 


11=89 


By  II-8E,  11-83,  11-54,  11-13  this  becomes 


n ^(N-G)n  {"jgNn  (v-1)] 

“ s Fr>77^  1 

I [(b+G)n  + aj 


From  the  last  term  in  11-79  we  have 


11-90 


n ^ P ( S+1 ) 

0^  » A 

^ If  (8-H+l) 


11-91 


By  II-8E,  11-86,  11-88,  1-48  this  becomes 


n (K-G)n  rfdJ+Gjn  + (v-l)l 

c « A 1— 

Gn  1 f"[2Gn  h-  u] 


11-92 


With  the  preceding  identification  of  the  constants  in 
11-72  and  11-81,  we  now  have 
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H 

y = X y 11-93 

n n 

Equatlrg  the  orders  of  both  meir.bere  of  this  equation  gives 
us 

kfn)  « H + (S-H+T) 

By  11-13  and  11-84  this  becomes 

Hn  » H + (N+G)n  + (u-lj 


so  that  R is  given  by 


H = -Gn-u+1  11-94 

This  same  result  is  also  obtainable  by  equating,  with 
the  aid  of  the  last  terra  in  11-79,  the  subdegrees  of  both 
members  of  11-93, 

h(n)  = H + (S-R) 

By  1-48  and  11-88  this  becomes 


1C4 


Gr  - H + £Cn  ♦ (u-1) 


80  that  H is  giver  by 


H •=  «Gn-u+l  11-94' 


Usirg  11-85,  11-87,  11-82  ir  11-73,  ord  the  result, 
together  with  11-94,  in  11-93,  we  have  as  the  Derivative 
Definition  of  our  Uon-Class ical  Orthogonal  Polynomial 
Solutions 


y 


n 


-Gn-u+1 

z 


(K-G)n+(v-u-l) 

D 


(n+G)n+ (v-2) 


(ir-G)n 


11-95 


If  R is  an  integer,  then  11-85  requires  that 


v-u-1  = an  integer 

But  if  R is  a fraction,  then  v-u-1  is  not  necessarily 
an  integer,  It  is  only  necessary  that 


V > u>  0 


11-43' 
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Hcwei*er,  it  will  tc  shewn  Ictcr  follcwirg  11-117,  as 
statecl  previcuBly  just  before  11-44,  that  if  we  are  to  be 
able  to  express  the  integrated  square  by  formula,  then  we 
must  have  the  stronger  condition 


v-u-1 


11-44' 


With  the  aid  of  11-44'  the  Derivative  Definition 
11-95  is  written 


n 


-Gn-u+1  (5-G)n 

3C  D 


(H+G)n+(u-l) 


<V*^> 


fU-G)n 


11-96 


SECTION  9 

NON-VANISHING  OP  THE  INTEGRATED  SiiUARE  ’;?HEN  n » 0 
Taking  n » o,  we  have  from  11-96 

1 11-97 

Using  this,  j « - 1 ^ and  11-44'  in  11-46,  we  have  for  the 
integrated  square  of  y 
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Ko) 


u-S 


/ 

0 


(Z^+Kgi)  dx 


For  this  integral  to  oorverge  at  the  lower  limit, 

11-47  required  only  that  u>l.  Henoe  fu-£ ) may  be  a 

fraction.  In  this  case,  for  I(o)  to  be  real,  we  must 

At 

have  x^  o«  Henoe  and  since  A,^  0,  then  we  have 

* "2  • 

2*  Ag  as  in  11-56  and  11-66,  but  11-67  or  11-68  cannot 

obtain. 


From  11-98  we  have 


Ko) 


K. 


u-1 

) 


dx 


u-1  u 

X £ X 

2 

— ' ' + 

u-1  u 


11-98 


0 
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This  may  be  written  as 


Ko) 


VU-1 


u(u-l)  \ A 


n - Z.(u-l) 


Again  using  11-44',  we  have 


lo) 


(-1) 


u-1 


u-1 


A. 


u(u-l)  . u 
^2 


A2Zi(v-1)  - A^Zg(u-l) 


11-99 


We  have  already  specified  in  11-47  that  u>l.  Hence 
u-l>o.  This  means  that  neither  factor  in  the  denominator 
of  11-99  is  zero. 

We  also  have  from  11-15 


0 


Il-lOO 
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and  from  II-IO' (ff . 11-47 ) 


v>u>l 


II-lO” 


Hence  the  bracket  in  11-99  cannot  vanish. 

Therefore,  we  may  conclude  that  no  further  conditions 

than  those  already  stipulated  must  be  met  to  guarantee  the 

non-vanishing  of  the  integrated  square  of  y . Since  the 

0 

argument  of  Part  I,  Section  2,  guaranteed  the  non-vanishing 
of  the  integrated  square  for  n ^ o,  we  have  now  shown  the 
non-vanishing  of  the  integrated  square  for  all  n. 

SECTION  10 

INTEGRATED  SQUARE  FORMULA 

Using  11-45  with  j « -1,  and  11-95,  in  1-25  with  m ■ n, 
we  have  for  the  integrated  square  of  y 


n 


A 


1 


A 


2 u-2 


v-u-1 


I(n)  » S 


X (A^  + AgX) 


0 


109 


-Gr-u+1  (IT-G)r+ (v-u-1 ) 
• X D 


(K+G)r+ (v-8) 


(K-G)n 


dx  II-lOl 


Let 


4 


(5+G)t>4(v-2)  (B-G)n 

X 


11-102 


and  denote  the  derivatives  of  ^ by  supersoripts  in  braces, 

Expanding  the  binomial  in  II-lOl  and  using  11-102,  we 
have,  anticipating  (v-u-1)  an  integer. 


“Ai/Ag 


Kn) 


0 


-Gn-1  v-u-1 

0-0 


(v-u-1  )-e  e 

) A;i  (Agl) 


/(N-G)n+ (v-u-1  )1 

• (^1  + ^gX)  dx 


(For  v-u-1  not  an  integer,  the  upper  limit  on  would  be  oo . ) 


We  may  write  this  result  as 
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where 


-kjk 
V 2 


S 

0 


-Gn+O-l  |(N-G)n+(v-u-l  )1 

U 7)4^  -^dx 

n 


I,fr) 

2 


'\^^2  -Gr+© 

S (x  7 ) 

0 ^ 


^(W-G)r->-  fv-u-1  )7 
i dx 


It  is  convenient  to  consider 


Ig(n)  first.  Let 


-Gn+© 

P = X y 

(lf-G)n+G,9  n 


11-103 


11-104 


11-106 


11-106 


where  P is  a polynomial  of  order  and  subdegree  as  indicated 

by  the  respective  subscripts,  iiinoe  y is  of  order  k(n) 

n ' 

and  subdegree  h(n),  then  11-106  becomes 


P 

(U-G)n4©,0 


-Gn+Q  r y, 

* L°^fn) 


kin) 

X 


■f 


+ 0 


n 


h(n) 


Ill 


Using  the  values  of  k(n)  ond  hfn)  a-B  giver,  11-12  and 
1-48,  respectively,  we  finally  obtain 


P 

(B-G)n+Q,0 


-Gn+9  n IJn  n Gn 

X (c  X +0..+C  x) 

Nn  On 


n (N-G)n+9 
* 0 X + 

Hn 


+ 


n e 
c X 
Gn 


11-107 


Using  11-106  in  II-1C5  gives  us 


I (n) 
2 


P 

( K — G ) n+  W 


0 


{(K-G)n+  (v-u-1 


dx 


By  parts 


U - P 

(N-G)n+e,0 


dV 


ffN-G)n+(v-u-l)] 

^ dx 


dU  . P»  dx 

(H-G)n+0,0 


V 


j/K-G)n+(v-u-l  )-l} 

i 


Then 


HE 


P 

(N-G)n+©,9 


4 


^(N-G)r+(v-u-l  )-l] 


-Ai/A^ 


((N-G)n+(v-u-l)-l} 

- / P'  4 dx  II»108 

0 (]^-G)Ti+e,0 


Using  the  expreawion  for  given  by  11-102  and 
performing  the  differentiation  indicated  in  the  bracket  of 
11-108,  we  have 

f(Il-G)n+(v-a-l  )-l]  v-u-1  (N-G)n-l 

4 - D D 


# 


(ff+G)n+(v-2)  (N-G)n 

X (A^x+A^) 


11-109 


Using  LeibniE*  Rule  to  differentiate  the  product 
within  the  brackets,  we  have  for  the  right  member  of  11-109 
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v-u-1 

D 


(N-G)n-l-O  fK+G)n+(v-2) 

D X 


0 (H-G)n' 

» D (A^X4-Aj) 


Using  11-74  this  beoomes 


T-u-l  r[(H^O)n*(T-l)] 

^ S>0  \ * / (“(2Sn*T+9) 


2Gn+v-l+0 


© f(H-G)n]! 

♦ A -— = — - (A  x+A 

2 [(K-G)n-0]l  2 


(K-G)n-Ol 

■'  1 


v-u-1 


- D 


flf-G)n-l 

0*0 


(N-G)n- 


» ) 


A. 


[(g-G)n]i  r[(y-fG)  n+  ( v-1  )J 
Qu-G)n-0]i  r (2Gn+v+0) 


2Gn+v-l+0 


• X 


(AgX+  A^) 


(K-G)n-l-0 


fAgX+  A^) 


II-llO 


If  instead  of  using  Leibniz'  Rule  to  differentiate  the 
product  in  the  bracket  of  11-109,  we  first  expand  the 
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binomiul  and  then  differentiate,  we  have 


v-u-1  {N-G)n-1 

D D 


(N+3)n+(v-2) 

X 


(N-G)n  / . 

0-0  V ' 


N-G)r-0 

(AgX) 


A 


0 

1 


v-u-1  (H-G)n-lj  (N-G)n  EHn+v-2 
])  D X +0.0 


(H-G)n 


+ A 


1 


(N+G)n+v-2 

X 


v-u-1  r (N-G)n 


f(2Nn+v-l)  (K+G)n+v-l 

" " ~ ' ' X ^ o e « 

rpB+Gln+v] 


(B-G)n 


+ A 

1 


p[(N+G)n+(v-l)J  2Gn+v-l 
P(2Gn+v) 


Since  II-llO  shows  that  the  quantity  in  the  bracket  contains 
(A  x + A ) as  a factor,  we  then  hove 

C X 


(K-G)n-l 


r(Slfn+v-l ) 

P[(i;+G)r.+v] 


(l<+G)n+v-2 


v-u-1 

D 


X 


+ 


• 09 
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+ A 


(N-G)n-l  p[f]i+o)n+v-l]  ^2Gn+v-l 
1 f(EGn+v) 


II-lll 


He  rote  that  the  summatior  ir  the  braces  of  II-llO,  and 

hence  in  the  braces  of  II-lll,  does  not  contain  the  factor 

(A  x-*>A  ).  Accordingly,  if  this  factor  is  to  be  preserved 
E 1 

in  the  remaining  differentiation  in  II-llO,  then  we  must  have 

v-u-1  ^1 

But  from  considerations  regarding  interval,  we  have  from 

11-43 

v-u-1 ^ -1 

Combining  these  two  inequalities  gives  the  requirement 

-l<^v-u-l<[l  11-112 

Now  suppose  that  v-u-1  is  negative;  that  is,  suppose 

- 1 ^v-u-1  ^ 0 

Then  using  11-76,  with  m=o,  R«-©,  9 = -(v-u-1), 
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the  result  II-llO  beoomes 


P[-(v-u-3)]  0 


X -(v-u-l)-l  j(N-(y)n~l 

/ (x-t) 


/(K-a)n-l  / V 

I ^0  V ^ I 


9 


k. 


[(N-0)n]i  r[(N+a)n+(v-l)]  2Gti+v-1+© 


[(N-G)n-e]j  f{2Gn+v+e) 


• (A  t -f  A_  ) 
2 I 


(K-G)n-l-e 


(A^t  ♦ ) dt 


Let 


Q(6)  » 


^ /(II-G)r.-l\  [fN-G)n]l  f [(N+G)n+(v-l )] 

f[-fv-u-l)]  ' ® RN-G)r-Olj  r(2Gn+v+©) 


[(N-G)r-O]'  f(2Gn+v+e) 


11-113 


Then  our  previous  result  hecomes 


(K-G)n-l  9 3f  -(v-u-l)-l 

2 Q(6)  A / (x-t) 

0wO  * 0 


2Gn+v-l+©  (H-G)n-© 


dt 
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I 

I 

By  parts  Ir.  each  such  integral  of  the  summation 


EGn+y-l+e  (IT-O)n-© 

U - t + 


dU 


r< 


(EGn+v-l+e) 


80n+v-£+©  (H-O)n-e 

t (A  t+  A, ) 

£ 1 


£On+v-l+© 

4 Ag  pM)n-©]t 


(K-G)n-l-©^ 


-(▼-u-D-i 

dV  - (x-t)  dt, 


-(v-u-1) 

(x-t) 

V . 

v-u-1 


Hence  we  have 


rir-o)n-i 
ZE  «ife)  A 

9-0 


© 

£ 


^ -(v-u-1) 

(x-t) 


v-u-1 


U 


2Gn+v-l+© 

t 


(H-G)n-O 


X 

0 


£On+T-l+0  X -(v-u-1)  £On+v-£-©  (I-O)n-O 


-(v-u-1)  8Qn-i-v-l<t>0  (ir-C)n-l-O 


v-u-1  0 


(x-t)  t 


(Agt  ♦ 1^) 


dt 
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Slnoe  -(v-tt-l)^O,  clearly  the  bracket  vaniaheB,  and  we 
have  after  expanding  the  binomialB  in  the  remaining  integralB 


(I-O)n-l 

00 

9-0 

r-o 

EChi+v-l^G 

-(v-u-l)-r  0 

X A 

£ 


v-u-1  0 


/ t 


(Agt.Ai) 


r-o)n-o 


dt 


Ag  pl-0)n-e]  ^ £Gn+V4r-l+e 
/ t 

T-U-1  0 


(ir-O)n-l-O  I 

(Agt^A^)  dt 


Let 


Q^(r.e)  - Q(e)  f-1) 


r+1 


(v-u-1  )\  gQn^v-UO 
\ ^ / v-u-1 


Q (r.e)  - Q(0)  (-1) 


r^l 


/-(v-u-1 A 
\ r y 


11-114 


A t A 
2 1 


z,  t 


z - A. 


A. 


dz 

r 


11-116 


Then  the  previouB  result  becomes 
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(lf-(})n-l  00  -(v-u=l)-r 

2 z * 

QbO  r»o 


Q,(r,e)  A / 
1 Z A 


A ^ ^ A SOn+v+r-E-f© 

© ^2*  ^1  (H-G)n-© 

2 


A, 


♦ Q (r,©)  A / 
E 2 a 


9*1 


1 / 


EOn+v-fr-l+© 


(N-G)n-l-© 


dz 

A. 


Row  from  11-108,  x 

from  11-116,  (A  x+A  ) 

S 1 

and  therefore  z has  the 
reversing  and  expanding 
result,  we  have 


has  the  range  (0 
has  the  range 


*8 


Henoe 

(0,  A^) 


range  (0,  Accordingly, 

the  binomials  in  the  previous 


t 


9 


(H-G)n-l 

00 

00 

z 

z 

e-0 

r-0 

s«o 

-(v-u-1 )-r 

X 


EGn+v+r+s-E+© 

Q^(r,©)  (-1) 


EGn+v+r-s-E+0 

EGn+v+r-S+©  

® EGn+v-*-r-l 


« 


AgX^A 

f 


1 


(K-G)n+s-© 

2 dz 


ISO 


SGn+v+r-8-l-*-0 


SGn+v+r+8-l+©  t .q\ 

♦ <i  (r.9)(-l)  |EGn*T*r-l*eJ  J. 


A, 


SGn+v+r-1 


^2*“^  (N-G)n+8-l-© 

• / z dz 

A 

1 


Integrating  and  letting 


Q (r.0,0)  = 9 (r.9)  (8Sn+T«-E*9\ 
1 1 \ 8 / 


SGn+v+r+8-2+9 


(H-G)n+s+l-0 


9g(r,8.9)  . 9g(r.9)  (2Sn*v*r-l49^  1:11 


SGn+v+r+e-l+O 


(»-G)n+8-0 


11-116 


we  hare 


(B-G)r.-l 

00 

00 

Z 

z 

z 

0=0 

r»o 

8=0 

A 


2Gn+v+r-8-S+© 


SOn+v+r-l 


•i Q (r,8,©)  (A  x+  A 

[l  L 2 1 


(H-G)n48+1-©  (H-G)n+s+l-e 
) - A 

1 
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♦ Qgfr.s.e) 


(N-G)n+s-0  (N-G)n+s-0 

'V*^>  -Aj 


(N-G)n-l 

00 

00 

s 

z 

z * 

e=o 

r»o 

8=0 

A 


2Gn+v+r-8-£+0 


2Gn-»-v+r-l 


Q (r.s.Q) • (A  * + A ) +Q  (r,8»0)*A 

X C/  ^ dt  X 


I-G)r.+8-0 


(W-G)n+s+l-e  ' 

Q (r,s,9)  Q^(r,s,e) 

A 

1 2 

1 J 

Thus  we  see  that  the  factor  (A  x + A ) is  not  preserved 

W4  X 

in  the  remaining  differentiation  of  II-llO  when 


“1  ^v-u-1  ^ 0 


We  now  suppose  that  (v-u-1)  is  positive;  that  is,  that 

0 <v-u-l<  1 


Then 
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-1  ^ (v-u-1 ) - 0 

Using  the  expression  for  4 given  by  11-102  and  performing 
the  differentiation  indicated  in  the  bracket  of  11-108, 
we  have 

{(H-G)n+ (v-u-1  )-l}  (v-u-1  )-l  (N-G)n 

i - D D 


(H+G)n+(v-2)  (R-G)n 

* X (AgX  + A^) 


Using  Leibniz'  Rule  to  differentiate  the  product  within 
the  braclcets,  we  have 


(v-u-1 )-l 
D 


(ir-G)n 


©-0 


(K-G)n-Q  (H+G)n+(v-2) 
D X 


0 (H-G)n 

» I)  (A  X + A,  ) 

2 1 

, 


Using  11-74  this  becomes 
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(v-u-1 )-l 
D 


(»-G)n\  r[(»*g)n*(Y-l)] 
® ' r[(2Gn+v-l+©)] 


EGn+v-8+0 

X 


[fF-0)n]j 

[(N-G)n=©]l 


(H-G)n-O 


11-117 


Let  ^ fx)  represent  the  summation  in  the  braces  of 

II-117o  Note  that  (x)  does  not  contain  the  factor 

(1  X ♦ A ) . 

2 1 

Kow  using  11-75  with  m = o,  R -=  -©,  © = = [(v-u-1)  - l]  , 
the  expression  11-117  becomes,  with  the  aid  of  the  above 
abbreviation 


I 

[(v-u-1  )-i]j 


X -(v-u-1) 

/ (x-t)  ^ (t)  dt 


This  integral  is  by  11-76  a finite  series  of  powers  of  x, 

and  does  not  in  general  contain  the  factor  (A  x-t- A )o 

2 1 

Thus  we  see  that  the  factor  (A  x + A ) is  not  preserved 

2 • 

in  the  remaining  differentiation  of  11-117  when 

0 ^v-u-1  < 1 
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Sinoe  this  was  also  the  oase  in  II-llO  when 


-1  ^ v-u-1^0 

we  mast  conclude  from  11-112  that  the  only  tenable  value  of 
(v-u-1)  is 

v-u-1  « 0 11-44' 


if  the  factor  (A  x+A  ) is  to  be  preserved  in  the  bracket 

Ct  ^ 

of  11-108,  80  that  this  bracket  will  vanish  at  the  upper 

limit  X »-A  /a  , for  all  n / o,  since,  as  seen  in  II-102, 
1 2 

t 

the  value  n = o destroys  the  factor  (A  x+A  ) in 

2 1 

For  v-u-1  =0,  we  see  from  11-103  that 


d 


11-118 


so  that  11-103  becomes 


I(n)  = K^I^(n)  + Kgigfn) 


11-119 


and  11-108  becomes,  with  the  aid  of  11-44’  and  II-lll 
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I (r) 
2 


2Gr+u 

P X 

. (H-G)r,0  (N-G)n-l.O 


(A  x + A ) 
2 1 


- 


J 0 


- / 

0 


-A^/A, 


{(II-G)n-l} 


fW-G)n,C 


dx  11-120 


where  g is  a polynomial  in  x of  order  and  suhdegree  as 
indicated  by  the  respective  subscripts. 

Por  n^o,  which  we  have  shown  is  necessary  to  preserve 
the  factor  (A^x+A^)  in  the  bracket  of  11-120,  we  see  that 
the  bracket  in  11-120  contains  x to  at  least  the  power 
2+p^  3,  since  we  have  from  11-47  that  u^l,  and  we  know  that 
G^l.  Hence  the  bracket  of  11-120  vanishes  at  the  lower 
limit,  as  well  as  at  the  upper  limit  when  v-u-1  = o,  as 
shown  above. 

% 

If  then  we  integrate  by  ports  in  11-106  a total  of 
(K-G)n  times,  we  have,  as  on  extension  of  11-120, 


I^(n) 


(H-G)n  \/^2  f(N-G)n| 
(-1)  I 


O-G)n,0 


^ dx 


since  the  polynomial  in  the  bracket,  as  in  11-120,  will  have 
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the  same  order  ard  suhdegree  as  ir.  11-120,  with  suoceBsive 
differentiations  of  P and  integrations  of  By  11-107, 
we  have 

(U-G)n  n ^ 

I (n)  » (-1)  0 f(]f-G)nlj  S ^ dx 

Using  11-90  and  11-102,  this  hecomes,  after  replacing  (v-1) 
by  u from  11-44',  and  after  factoring  cut  a (-A  ) from  jif, 

C 


2(»-0)n  . 2(N-G)n  f(2Nn+u)  ^ 

I (n)  . (-1)  A — ! [(H-G)nlj 

^ ^ P[(H^-G)n-*-u] 


' S 

0 


(N+G)n+(u-l) 


^2 


(B-G)n 


dz 


Using  11-76  and  11-77  this  becomes 


I (n) 
2 


2(H-G)n 

A 

2 


P(  2Kn4u) 
f”[(U^G)n+u] 


[(N-G)n]  i 


r[(R^G)n^u]  f[(N-G)n^l] 

r(2»in-u+l) 


I 


1E7 


I (n)  - (-1) 


A 


EBn-fU 


£On+a 


ENn+u 


II-lEl 


e 


We  now  oonsider  I^(n)  os  given  by  11-104.  Using 
0 from  11-118  in  this,  we  let 


-Gn-1 

Q - X y ' II-IEE 

(H-O)n-lp-l  n 


where  Q is  an  algebraic  function  of  order  and  subdegree  as 

indicated  by  the  respective  subscripts.  Since  y is  of 

n 

order  k(n)  and  subdegree  h(n),  then  II-IEE  becomes 


n k(n)  n h(n) 

°k(n)  * + ...  ♦ Oh(n)  * 

Using  the  values  of  k(n)  and  h(n)  as  given  by  11-13  and 
1-48,  respectively,  we  finally  obtain 


-Gn-1 

Q - X 

(H-G)n-l.-l 


Q 

(5-G)n-l,-l 


-Gn-1  n Hn 

(o  X + 
Nn 


+ 


n Gn 

u X ) 

Gn 


» X 


o • • 
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n (Il-a)n-l  n -1 

Q =0X  4o..+0X 

fU-S)r-l,-l  Nn  Gr. 


11=123 


Using  II-1E2  in  11-104  gives  us 


I^fn) 


“A1/A2 

f 


0 


Q 

(N-G)r-1,-1 


f(N-G)n] 

4 


dz 


By  parts 


U « Q 


(N-G)n-1,-1 


f(K-3)n} 

dV  « dx 


dU  = Q’  dx 

(N-a)n-l,-l 


V * 


{(H-G)n-l3 


Then 


I^fr)  = 


Q'  (j, 

fn-G)r.-l,-l 


{(N-G)n-l] 


0 


Q' 

(H-G)n-1,-1 


{(S-G)n-l} 

9 dx 
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Ueing  the  express ior  for  4 giver,  by  11-102,  ard 
performing  the  differentiation  indicated  in  the  bracket 
above,  we  have,  using  11-44'  in  II-lll,  a result  similar 
to  that  for  I (n)  in.  11-120,  namely 

Ct 


I,  (r) 


20n+u 


^ ['(5-G)n-l,-l  ^(I-S)n-1,0 


1 


J 0 


”^l'^^2  ' {(K-O)n-l} 

^ 11-124 

0 (B-G)n-l,-! 


where  g is  a polynomial  in  x of  order  and  subdegree  as 
indicated  by  the  respective  subscripts. 

The  bracket  vanishes  for  all  n>o  ( n ^ o destroys  ^ 
the  factor  (A^x+ A^)  in  ^ as  given  by  11-102)  because  of 
the  factor  ^A^x+a^)  and  the  presence  of  x to  at  least  the 
power  2+u-l  - u+l>  2,  since  we  have  from  11-47  that  u>l, 
and  we  know  that  G^l. 

If  then  we  integrate  by  parts  in  11-104  a total  of 
(IT-G)n  times,  we  have,  as  an  extension  of  11-124 


I^fn) 


0 (N-G)n-l,-l 


4 dx 
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since  each  time  we  apply  the  method,  the  polynomial  in  the 
braoket  suoh  as  we  had  in  11-124  will  be  of  the  same  order 
and  subdegree  as  in  11-124 o By  11-123  we  then  have 


(N-G)n  n (N-G)n  ^ 

I (n)  - (-1)  0 (-1)  [(K-G)nl! 

1 Gn 


-A1/A2 

* S X dx 

0 


Using  11-92  and  11-102,  this  becomes,  after  replacing  (v-1) 

by  u from  11-44',  and  after  factoring  out  a (-A  ) from 

2 


I^(n) 


f-1) 


2(K-G)n  ^ (K-G)n  p[(»+G)n+u] 

^ f(2Gn+u) 


[(N-G)n]  ! 


(K-G)n  fir-»>G)n+(u-l)  - 1-(K-G)n 

‘(-A)  / X 

« 0 


» 


(N-O)n 


dx 
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(U-G)r  rr(p+G)r+ul  ^ ^ 

I (n)  = (-A,AJ  Li 1 [(K-G)ti]I 

^ ^ ^ r(«Gr.+u) 


S 

0 


2Gn+u-2 


( ) - X 

"e 


(IT-G)n 


dz 


Using  11-76  and  11-77,  we  have 


(B-G)n  pRH+Gln-ful  _ 

I,  fr)  « (-A  A ) Li =L  rnf-G)n]l 

^ 12  r(2Gn^u)  ^ 


(N+G)n+u-l 


P(2Gn+u-l)  p[(N-G)n+l] 

r[(N+G)r+u] 


Then 


I^fr)  = (-1) 


ENn +U-1 

’^“l  {[(K-G)tiJi] 


A 


2Gn+u-l  20n+u-l 


11-126 


Using  11-121  and  11-125  in  11-119,  we  have 


132 


2J|k+u 


I(r)  - (-1)  K 


u 


[[(;j->3)nj  i] 


^ A 2»n+u 

2 


u-1  A 
■»■  (-1)  Z ^ 


2ITr+u-l 


{[(N-G)n]  l] 


1 20n+u-l  o-  , 

A 2Gn+u-l 

2 


11-126 


2Nr+u-l 


u A 

f[(K-G)n]»] 

2GR+U-1  ^ 


1 


K.  

Ag  21fr+u  2GR+U-1 


11-127 


But  from  11-18  we  have 


* ■ j:r  ° 


and 


z_ 


fu-1)^  1 


Using  these  in  11-127.  we  have 
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Kn)  « (-1) 


u 


2Hn+u-l 


2&n-fu 


- {[(H-ajnJ:}' 


£ 

u Z 


u-1 


20n+u-l  u-1 


Henoe  we  hare  as  the  integrated  square  formula 


Kn) 


, _ fiZn-fu-l 

(-1)  A, 


(u-l)f20n+u-l)  A 

£ 


- ([(H-9)n]lj 


11-188 


^rom  11-18  we  have 


A ^"1 

G - — jr 
u 


and 


r - h ^ 

^ n®  A « 
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Ualng  these  in  II-1E0  gives  us 


u 

(-1)  Z, 


Z EHn+u 
(u-1)  A 


I(n) 


(u-l)[£(2i)Bn*(u-l)(i)] 


. ([(»-a)nl!] 

20n+u  I*-  ■*  *' 


Z 2(Jn+u 

u A 

Z 


Henoe  we  have  as  an  alternate  form  of  the  integrated  square 
formula 


u ElTn+u 

(-1)  K„  A,  , ,2 

I(n) — {[(S-sHU 

20n-»-u 


u(25n4-u)  A 


II-1E9 


For  n « 0,  11-129  becomes 


(-1)  A 2 

I(o)  - ^ (O') 

2 tt 

u A 

2 


u-1  u-1 


(-1)  A. 


u(u-l)  A, 


u-1 


A K 
1 8 


11-130 
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which  is  seen  to  be  the  some  as  11-99,  except  for  the 
bracket  which  is  there 


[ 


A - A^K  (u 

2 1 12 


■“] 


Replacing  (t-1)  by  u from  11-44,  and  multiplying  by 
have 


u 

u 


we 


But  by  th«  U86  of  u for  (t-1)  In  11-16,  we  hove 


2 2 
u - A^Zgfu-l) 


Using  this  in  our  previous  result  gives  us  the  bracket  of 
11-99  in  the  form 


^l^g^^-l)  - A^KgU(u-l) 


u 
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[(u-l)-u](u-l) 

u 


A 


Which  Is  the  some  us  the  hracicet  Ir.  11-130. 

Accordingly,  we  conclude  that  the  formulae  11-128  and 
11-129  for  the  integroted  square  are  valid  for  all  n, 
including  n « 0. 


3BCTI0N  11 

jOjr-TiSLESCOPIfiG  OP  THS  RJfiCURSIOB  PROIXJCT 
OP  THK  POLYBOMIAL  SOLUTIONS 


Patting  (j^+i)  for  ^ in  the  denominator  of  the 
recursion  product  11-61  for  the  descending  series  solutions 
we  have 


0-1  22  2 


9^«o 


n .1 

0-  -.-(-t) 


9 


+j(B^-A^)^+ 


n 


k+9j  ' j'  0-i 

, 7T 

j(*=l-i 


AgJ(r*2Agk*(A^n*Bg-Aj) 


']  ‘ 
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Por  to  be  a factor  of  the  nomerator  for  all  n 

for  some  particular  value  of  i,  then  • -i  must  make  the 
numerator  identically  equal  to  zero  for  all  values  of  k, 
since  from  1-46,  k - k(n),  a function  of  n.  That  is.  we 
must  have 


Therefore,  the  coefficients  of  the  powers  of  k must  all  be 
zero.  Then  we  have  the  equations 


(k) 

k ■ 0 


2 

k : 


11-138 


k : 


SAj^Ji  ♦ B^-A^ -KjCBg-Ag)  » 0 


11-133 


1 ; 


A^J^l^  - B^Ji  ♦ A^ji  - 0 


11-134 


Prom  11-138  we  have 


A 


8 


138 

But  from  11-60  we  had 


K*  m — 11-60* 

Equating  these 

two  expressions  for  Z*  gives  us 

A Z 

1 1 

A Z 

£ £ 

from  which 

A Z 
1 2 

- 1 11-136 

A Z 
2 1 

Using  this  In  II-ll  we  have 


k(n)  ■ On 

But  we  had 

h(n)  » On  1-48' 

Henoe 
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]c(n)  - h(n) 

which  is  to  say,  the  order  and  sabdegree  of  the  eolations 
are  the  same.  Therefore,  we  have  monomial  solutions. 

Using  11-135  in  11-18  gives  us 

li.  1 

u-1 


so  that 

V » u 

But  this  violates  the  condition  11-43  for  the  existence  of 
a real  interval  of  orthogonality. 

Accordingly,  we  must  conclude  that  for  no  value  of  i in 
11-131  will  there  be  a telescoping  of  the  recursion  product 
such  that  the  interval  of  orthogonality  is  preserved. 

If  for  all  n and  some  particular  value  of  i,  the 
numerator  of  11-131  is  to  have  in  common  with  the  denominator 
the  factor  in  the  bracket  of  the  denominator,  then  we  must 


have 


140 


'V^> 


- ^'V^E>] 


k 


(^.k) 


s (B^  ♦ Pk  ♦ H)j^Agjj^  + EAgk  4 (Agji  4 Bg-Ag) 


11-136 


where  B,  P,  H are  oonstonte  to  be  determined.  Henoe  the 
coeffioientB  of  the  oorresponding  powers  of  ^ and  k must  all 
be  equal.  This  gives  rise  to  the  equations; 


J H 

^k:  £A  J - 2A  B 4 A JP 

12  2 

2 

k : A - A £♦  - 2A  P 

1 2 1 2 

- (A^Jl  * 

k : (Bj-A^)  - Kj(Bg-A^)  - (Agji  ♦ Bg-Aj)?  . EA^H 

1 : 0 . (Agji  + B^-A^IH 


11-137 

11-138 

11-139 

11-140 

11-141 

11-142 


Prom  11-137  we  have  that  either  J ■ o,  or 
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B - — 11-143 

ffe  dismiss  J ■ o as  giving  monomial  solutions. 

Using  11-143  in  11-138  gives  us 

A J 

* AgjF 

*2 

from  which 


A JF  - 0 11-144 

2 


Hence,  either  J * o,  A =0,  or  P - 0. 

2 

Again  we  dismiss  j * o as  giving  monomial  solutions. 

Using  A » 0 in  11-139  we  hove  that  A -0,  Therefore 
2 1 

the  differential  equation  has  degenerated  to  first  order,  so 
that  our  orthogonality  property  is  annihilated. 

If  from  11-144  we  take  F = 0,  then  11-139  gives  us 


A -A  K* 
1 2 1 


0 


11-132* 
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from  which  we  deduced  11-135.  Hence  we  conclude  as  we  did 
following  11-136,  that  for  no  value  of  i in  11-136  will 
there  be  a telescoping  of  the  recursion  product  such  that 
the  interval  of  orthogonality  is  preserved. 

Using  1-22  in.  1-33  we  have  as  the  recursion  product 
for  the  ascending  series  solutions 


JT  A (B -A  )(k+^J)+ K l(n) 

n , 2 2 2 2 ^ 

0 «(-l)  0- 

k+OJ  9 k 


11-146 


A^(k+^J)  + (B^-A^)(k+9(j)  + l(n) 


Solving  1-61  for  L(n).  we  have 


L(n) 


-V  - ' 


I 1-146 


Using  this  and  1-60  in  11-146  and  expanding,  we  have 
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7T 

^-0  ^ 

o”  -(-!)*  

TT  A,J*/+  2A^J(<k  + A^lc*t  J(B^-Aj)^ 
^*1  ^ 


n 


+ (B^-A^)lc.  A^k^-  (B^-A^)k 


©-1  S E ^2 

TTA  J i tEAgl^B*  'A2-AiK*)k 

paO 


(4) 


e 


e 


(Bg-Ag)-K*(Bj-A^)])C  ^ 


11-147 


4 \_^i4*Zk^*  (B^-A^)j 


The  problem  of  the  telesooplng  of  this  reoursion  product 
for  the  asoerding  series  solutions  is  then  the  same  as  that 
of  the  telesooping  of  the  reoursion  product  for  the 
descending  series  solutions  11-131,  as  is  seen  by  merely 
interchanging  the  subscripts  of  the  coefficients  of  the 
aboye  recursion  product.  Hence,  the  methods  applied  to  the 
study  of  11-131  and  the  results  obtained  there,  hold  here 


also. 
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SJfiCTIOIf  12 
SUMMARY  OP  RESULTS 


(A  + A ♦ (B  X4- B x"^'^^)y'  ♦ L(n) 

12  n 1 2 n 


Z-  + Z„x  ^ y - 0 I- 

1 2 J'n  I. 


I-l 
22 
27 


Bo  n-9 

u ■ — V » v>u>l,  (v-u-1)  • 0 for  I(n)  to  hold.  II-IO 

Aj  A^  II-M 


2 2-^1 
A Z (v-1)  » A Z (u-1)  ; -i/O  If  u fractional  or  J even 

2 1 12  A- 


11-16 

11-41 

11-98+ 


A^,  Ag,  B^,  B , Z^,  Z^  for  Interval  (0, i) , L(n)  ^ 0 


11-66 

11-66 


V v-1 

G * u-1 


Z(n)  = Bn,  h(n)  ■ Gn,  G 


Z^Ag(B^-A^)j 


11-18 

11-13 

1-48 

11-34 


Q - g.o.d.  JZ  . A (B  -A  ) J/l  Z El,  A (B  -A 

1 211  111  211 


)PJ 


11-33 


J - g.o.d.  A (B  -A  -)  J, 
2 11 


\ ®2 
"l  ^ 


11-26 


E - g.o.d.  A^,  Z^;  P - g.o.d.  (B^-A^),  Z^ 


11-27 

11-30 
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L(n) 


-Agk  (n)  - (Bg-Ag)  k(n) 


-A^h^(n)  - (B^-A^)  h(n) 


u-v 


- 1 


n 


<^'V  A,  \®  [(N-S)n*  J(<][(llt8)n+  (u-1)  * Jfl] 

J / 1 \ d.o 


^ A; 


.2-  t 


9 

0i  7^[2Hn+  (v-1)  + jjf] 


n (»-G)n  p[E»n+  fv-D]  Derivative  Definition 

0 = A — J Ig  used,  then  j » -1  . 

Ic  £ 


-Gn-u**-l  (K-G)n+(v-u-l) 

y • X D 

n 


(K+G)n+(v-2)  (H-G)n 

X A(A  x4A  ) 


I(n)  - 


u 25n+u 

(-1)  Kg  A,  , ^2 


u ( 21fn  4 u ) A 


I fr{N-G)n]  i] 

2Gn+u  y- 


11-48 

11-49 


11-46 


11-71 

11-68 

11-67 


11-90 


11-96 


11-129 
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SECTION  13 
NUMERICAL  EXAMPLES 

EXAMPLE  1.  u,v  integers;  G»l;  constant  of  proportionality  - lo 

A ■ 1»  A “ “1 1 B » 2|  B ■ » X * 4,  J » ~1 . 

12  12  12 

u»i=2,  v-li=3.  With  these  11-10,-16,-44,-66  all  hold 

1 N 2 

and  ■ -1  gives  interval  (0,1).  — » _ , so  that 

-1  81 

taking  G=l,  N«2,  we  have  k(n)  * 2n,  h(n)  «=  n,  and 


L(n) 


-d)n  -(2-l)n 
-1 


2 

n + n 


n(n+l) 


Therefore  the  differential  equation 


2 3 2 

(x  - X )y"  (2x  - 3x  )y'  + n(n**-l ) (-1  4- 4x)  y • 0 

n n n 


which  is  self-adjoint,  has  polynomial  solutions 


0-1 


y - (-1) 


" (4n4l):  n (-1)  ^ 


® / / (n-j^)  (3n  + 1 - 5i() 


2n-0 


n 


(3n  + l)I  ©*,0 


0 


(4n  4-  8-  i) 


o: 


X 
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orthogonal  in  (0,1)  , with  weight  function 


W » x°  (1  - x)°  (-1  ♦ 4x)  » 4x  - 1 


having  the  derivative  definition 


-n-1  n 
y a X D 
n 


3n+l  nl 

X (1  - x)  j 


and  integrated  square  formula 


Kn) 


2 4n+2 

(-1)  4 1 


2(4n+2)  (-1) 


En+2 


(nl) 


(nl) 

2n+l 


1 I ( 0 ) ■ 1 


Id)  = ± 
3 


1(2) 


(21)  ^ 4 

2(2)+l  “ I 


-2  1 

X D 


x^(l-x)' 


-2  4 6 -2  3 4 2 

X D(x  - X ) - X (4x  - 6x  ) = 4x-  5x 


-3  2 

X D 


7 2]  -3  2 7 8 9 

X (1-x)  ■ X D (x  - 2x  ♦ X ) 


-3  7 6 5 4 3 2 

X (9«8x  - 2o8»7x  + 7*6x  ) = 72x  - 112x  + 42x 
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BXAMPLB  2o  u,v  fraotior.s;  G=1 ; oorstort  of  proportiorality 


A_  « 2 0 A 


-2.  3,  -6,  -1,  Kg" 


u*-  With  these  II-10,-16,-44»-66  all  hold 

2’  -2  2 


A 


1 2 


and  -±  = _J1  = -1<0,  as  required  for  u fractional,  gives 

interval  (Opl).  E - 1 / 1 = so  that  taking  G»l,  K»3, 

G 2 2 1 


we 


have  k(n)  » 3n,  h(n)  » n,  and 


-(2)n  - (3-2)n  2 , 

L(n)  - ■ 2n  n » n(2n4l) 

-1 


Therefore  the  differential  equation 


(2x^-  2x^)y**  + (3x-6x^)y'  ♦ n(2n+l)  (-1  + 9x)y  = 0 
n n n 


has  polynomial  solutions 


0-1 


2n 


y » ( -2 ) 
n 


rfen+^l  - ® TT  (2n-j^)  (4n  + i - 

' L 2j  ^ (-1)  j^=o  2 3n— 0 
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2n 

2 


§ iilL 

^0  ei 


77“  (En-i^)(8r**'l-  2j^) 
0 

9 

jr  (12n*3  - 2^) 


3n-Q 

X 


orthogonal  in  (0,1),  with  weight  function 


W 


-1/2 

X 


0 

(2  - 2x) 


(-1  ♦ 9x) 


1/2  -1/2 

9x  - X 


having  the  derivative  definition 


-n-1/2  2n 


y * X 


4n  ♦ 1/2  2n 

X (2  - 2x) 


2n  -n-1/2  2n  4n  ♦ 1/2 
Ex  D X (l-3c) 


2n 


and  integrated  square  formula 


3/2  6r*3/E  . 

i,„)  . ? [(2n):]  - ^ 

2r+3/2  4r+l 


3/2  (Sn+E/E)  (-2) 


4n+l 
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EXAMPLE  3.  u,v  Irtegers;  (^1 5 ccrstart  of  propcrtlorol 1 ty  - 1 


A = 2 

, A®“1,  B=6, 

-4,  X - -8,  K = 9,  J 

= -1 

1 

2 1 

2 11 

6 

u » — 

= 3 , V •=  — ^ * 4 . 

With  these  11-10,-15,-44,-56  all 

2 

-1 

hold, 

^1  2 

and  — =•  = — ■ -2 
A -1 

u 

gives  interval  (0,2).  — = 

G 

3 

2 ’ 

2 

that 

talcing  G»2,  U»3, 

we  have  k(n)  » 3n,  h(n)  *= 

2n, 

^ ^ -(£H2n)  - (6-2)(En)  2 

L(n)  * = n + n » n(n+l) 

—8 


Therefore  the  differential  equation 


2 3 2 

(2x  - X )y"  + (6x-4x  )y*  ♦ n (n+1 ) (-8  + 9x)y 
n n n 


0 


has  polynomial  solutions 


e-1 


j . (.1)”  V i 


0 j J (n-j^)  (6n  2 - 


3n-0 


{bn  •¥  2)1  0 ® • Q 

//  ( 6n  + 3 - ) 


orthogonal  in  (0,2i.  with  weight  function 


W - x(2  - x)  (-8+  9x)  » 9x  - 8x  = x(9x  - 8) 


having  the  derivative  definition 


-2n-2  n 
y = X D 

n 


5n+2  r1 

X (2  - x)  J 


and  integrated  square  formula 


Kn) 


3 6n+3 

(-1)  9 2 2 

(nS) 

4n+3 

3 (6n+  3)  (-1) 


6n-«-3 

2 (n 


2n+l 
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EXAMPLE 


4.  u,v  fractions;  G/1;  constant  of  proportionality  s 1 


Ai»  2„  Ag-  -Zi  6»  -7,  -9j,  Z^«  25 » j * =1 

5 _ -7  7 With  these  11-10,-16,-44,-65  all  hold, 

^ - 2*  ^ ^ • r 

A_  p 

and  -i  . - -1<0,  as  required  for  u fractional,  gives 

Ar.  "2 

^2 

interval  (0,1).  I * i / - - so  that  taking  G-3,  N«5, 

G 2 2 3 


we 


have  k(n)  = 5n,  h(n)  = 3n,  and 


, ^ -(2)(3n)  - (5-2)(3n)  8 

L(n)  - » 2n  + n « n(2n+l) 

-9 


Therefore  the  differential  equation 


2 2 2 

(2x  - 2x  )y"  ♦ (6x-7x  )y’  ♦ n(2n+l)  (-9  ♦ 26x)y  « 0 

n n n 


has  polynomial  solutions 


2n 


r[ior. . I 


y » (“2) 


3 

^ IT  (2n-fO(0n4 

. ^ (-1)  2 6n-e 

T :: 


9 


yZT 
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En 


y - E 

n 


rt 


10n*| 


r[ 


„ 6 


0-1 

0 JJ~  (En-j^)  (16n+ 3 - E^) 

^ (»1)  0=0  j 


0i  0 

0* 


®‘°  ” (EOn  ♦ 6 - E0) 


orthogonal  in  (0,1),  with  weight  function 


1/E  0 3/E  1/E 

ff  = X (S-2x)  (-9  + E5x)  - E5x  - 9x 


having  the  derivative  definition 


-3n-  3/E  En 


y ■ X D 

n 


■ 8n  3/E  En 

X (E-Ex) 


] 


En  -3n  - 3/E  En 
Ex  D 


8n  ♦ 3/E  En 

X (1  - x) 


and  integrated  square  formula 


5/E  10n+  6/E  4n+E 

(-1)  25  E 2 2 2 

I(n)  . -1-r 1! [(£n):]  - i-—  [(En)l]J 


6/E  (lOn  ♦ 6/2)  (-E) 


6n  + 6/E 


4n+l 
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EXAMPLE  6o  u,v 


A 

1 


3, 


9 

u « - * 3,  V » 
2 


hold,  and 


that  if  we 


and 


try 


L(r ) 


Integers;  constant  of  proportionality  / 1 

B « 9,  B = -4,  Z « -8,  6.  J » -1 

12  1 2 

» 4,  With  these  II-lOg-16, -44^-55  all 

2 N 3 

— » -3  gives  interval  (0,3).  — » — so 

-1  G 2 

G-2,  H=3,  we  have  k(n)  ■ 3n,  h(n)  » 2n, 

2 2 
-(3)(2n)  -(9-3)(2n)  3n  + 3n 

m — 3 ■ I ■ ■ ■ ^l  ■ ■ 

-8  2 


which  is  not  an  integer.  But  by  inspection  of  this  result 
for  L(n),  we  see  that  if  we  augment  the  above  trial  values 
of  K and  G by  a constant  of  proportionality  » 2,  we  will  have 
G»4,  B-6,  k(n)  » 6n,  h(n)  » 4n,  and 


L(n) 


2 

-(3){4n)  =(9-3)(4n) 

-8 


c 2 

6n  ♦ 


3n 


3n(2n+l) 


an  integer.  Therefore  the  differential  equation 


166 


2 2, 

(2x  - X )y”  ♦ 
n 


2 

(9x - 4x  )y* 
n 


3n(2r+l) (-8  + 6x)y 

n 


0 


has  polynomial  solutions 


y • 


n 


(12n  ♦ 2)i 
(lOn  2)5 


2n 


9-0 


d 

(-3) 


95 


9-1 

77"  (2n-^)(10n  + 2-^) 
0 


6n-9 

X 


orthogonal  in  (0,3),  with  weight  function 


0 

W - x(3-x)  (-8  + 6x) 


2x(3x  - 4) 


having  the  derivative  definition 


-4n-2  2n  lOn+2  2n 

y-x  D X (3-x) 

n 


and  integrated  square  formula 


I(n) 


(-1) 


12n+3 


(-1) 


8n+3 


[(2n)  j] 


2 (3) 


IZr-^Z 


p2n)l] 


3(12n  ♦ 3) 


4n+l 
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EXAMPLE 


6.  u,v  fractions;  constant  of  proportionality  / 1 


A - 3,  A - -3,  B » 6,  B » -8,  K = -12,  K « 76,  j «=  -1 
1 E 12  16 

With  these  11-10,-15,-44,-66  all  hold, 

^3’  -33 

nrd  -i  . -2  = -1<0,  as  required  for  u fractional,  gives 
A -3 

interval  (0,1),  ^ » i / - = so  that  if  we  try  G-E,  H-6, 

G 3 3 E 


we 


have  k(n)  » 6n,  h(n)  » En,  and 


L(n) 


E E 

-(3)(En)  -(5-3)(En)  _ 3n  4-  n 

-IE  3 


which  is  not  an  integer.  But  by  inspection  of  this  result 
for  L(n),  we  see  that  if  we  augment  the  above  trial  values 
of  N and  G by  a constant  of  proportionality  3,  then  we  will 
have  G-6,  »«=  16,  k(n)  - 15n,  h(n)  » 6n,  and 


L(n) 


E 

-(3)(6n)  -(6-3)(6n) 
-IS 


S 

9n  ♦ n » n(9n+l) 


on  integer.  Therefore  the  differential  equation 
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(3x^-  ♦ (Sx-Sx^jy'  + n(9n+l ) (-12  + 75x)y  - 0 

n n ^ 


2 


has  polynomial  solutions 


y « (-3) 

n 


S]  - 0 //  (9n-j^)  (21n+ -- 5^) 

^ (-1)  (<-0  3 

r[ 


aintll  9-0  *• 


7T  (30n +£-)<) 
5^»1  ® 


(-3) 


9n 


e-1 

e 77"  (9n-^)  (63n  ♦ 2 - 3j^) 
51  (-1)  /.o 


rh-4] 

r[ziin-|]  9.0  »•  ^(90nt6-3(0 


orthogonal  in  (0,1),  with  weight  funotion 


-1/3  0 -1/3 

W=x  (3-3x)  (-12+  76X)  - 3x  (25x-4) 


having  the  derivative  definition 


16n-0 

X 


15n-e 

X 
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“6r.  - E/3 

X 


9n  Eln  + S/3 
D X 


(3  - 3x) 


9n  -6r  - 2/3 
= 3 X 


9n  21r  + 2/3 
D X 


9n‘ 

(1-  x) 


and  integrated  square  formula 


I(n) 


6/3 

(-1)  76 


6/3  (30n+6/3) 


30n  + 6/3 


3 


2 


[(9n)l] 


18n+3 

[(9n)j] 

18n+  1 


PART  III 


NON-CLASSICAL  ORTHOGONAL  POLYITOMIAL  SOLUTIONS 

with 

TRANSCENDBIfTAL  WEIGHT  FUNCTION 
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SECTION  1 

ORDER  AND  SUBDEGRKE  OF  THE  POLYNOMIAL  SOLOTIONS 

In  this  third  part  of  the  dissertation  we  consider  the 
polynomial  solutions  whioh  obtain  when  1-62  is  satisfied 
by  taking 

Using  this  in  the  indie ial  equation  for  the  descending 
series  solutions,  1-46,  and  solving  for  k(n),  we  have 


k(n) 


Eg  L(n) 


Using  in  this  the  expression  for  Lfn)  given  by  1-49,  we 
have  for  the  order  of  the  descending  series  solutions 


k(n) 


Aj^KgS  8 Zg(B^-Aj)G 


n + 


n 


Let 


N 


B K 
2 1 


III-l 


III-2 


III-3 


M 


9 


O 


1 1 1-4 
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Ther.  II 1-3  may  be  written 

k(n)  » Mn^  + Nn 


II 1-6 


It  is  clear  that  i:(n)  will  be  an  integer  for  all  n only 
if  M and  K are  integers. 

At  this  point  it  is  convenient  to  interject  the 
substitutions,  analagous  to  those  of  II-9, 


1 1 1-6 


and  to  state  that  it  will  be  shown  later  following  III-30 
that  the  existence  and  non-vanishing  of  the  integrated 
Square  of  y requires  that 


u>l 


iri-7 


SECTIOIT  2 

COMPATIBII/ITY  OP  OEDfiR,  SOBDKGREE,  JUMP,  AND  PARAMETER 

Por  compatibility  of  order  k(n),  subdegree  h(n),  and 

jump  j of  the  descending  polynomial  solutions,  we  must  have 
for  all  n 


162 


lc(r.)  - h(n) 

i 


an  irteger^O 


Usirg  1-48  and  III-6,  this  requirement  becomes 


K 2 K-G 

— n 4-  n * an  integer  < 0 


This  means  that  we  must  have 


M 


• — G 


where  a is  a positive  integer.  With  the  aid  of  III-4  we 
write  this  requirement  as 


G 

j 


* -a 


Equation  III-9  also  dictates  that  we  have 


y-G 

J 


-b 


III-8 
( 11-19 M 


II 1-9 


III-IO 


III-ll 


III-12 
( 11-21' ) 
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where  b ia  a positive  integer.  It  will  be  shown  later  in 

III-80  that  for  the  non-vanishing  of  the  integrated  square 

of  y we  must  have 
0 

b / 0 II 1-13 

Equation  I 11-12  then  implies 

K / G III-14 

Using  III-4,  equation  III-12  becomes 


1 

J 


K (B-A  )0 
2 11 

B K 

2 1 


-b 


which  we  write  as 


G 


1 


-b 


III-16 


Combining  the  terms  in  the  bracket,  we  have 
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G 

i 


- "A 


-b 


III-16 


We  may  write  this  in  determinant  form  as 


S ° 

B B 1 
1 2 

0 1 


Finally,  we  must  of  course  have 


III-17 


k(r.)  ^ h(n)  ^ o 


II 1-18 


Using  1-48  and  III-B  this  becomes 


2 \ 

Mn  + Wn  ^ Gr 


III-19 


Talcing  n » 1,  we  have  the  requirement  as 


M ♦ K i 


III-20 
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Kow  from  III-ll  wa  see  that  G must  oontair 


where 


W 

H 


H 


g.c.d.  of 


A K and 
1 2 


II 1-21 


That  l8«  0 mast  contain 


III-22 


From  III-17  we  see  also  that  G must  contain 


Vi^ 


where 


J » g.c.d.  of  B Z, j and 

2 1 


S ^8  ° 

A^  0 1 


III-23 


III-24 


or,  by  III-16,  if  jj|  » 1,  then 


J - g.c.d.  of  B Z and  Z (B  -A  ) 

2 1 2 11 
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The  olosure  eqaatlon  solved  for  the  parameter  L(n)  is 


L{n) 


2 E 

-A^G  n - Gn 


1-49" 


From  this  we  see  that  for  L(n)  to  he  ar  irteger  for  all  r, 

then  the  coefficients  of  both  powers  of  n must  be  integers. 

2 

Hence  G must  contain  — i . where 

ifi 

is  = g.c.d.  of  A^  and  II-E7’ 


That  is,  G must  contain 


Also,  G must  contain 


II-E8' 


11-29' 


where 
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F 


g.o.d.  of  (B  -A  ) ar.d  K 
111 


11-50' 


Accordingly, 


B K J 
E 1 


III-25 


will  certainly  contain  III-2E,  III-25,  11-28',  and  11-29', 
and  with  a surplus  as  indicated  by  the  brackets  in  the 
following  equations: 


Hence,  the  least  value  of  0 which  will  make  III-ll,  111-17, 
and  1-49”  integers  is 
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where 


II 1-26 


Q,  . g.o.d.  of  J.  BgJ  and  B^PJ  III-27 


That  is. 


B Z j 
2 1^ 

Q 


II 1-20 


where  Q,  H,  J,  JS,  P,  are  given  by  III-27,  III-21,  III-24, 

II- 27’g  and  11-30',  respectively. 

Such  choice  of  G as  indicated  in  II 1-28  will  also 
satisfy  the  condition  II 1-20.  For  using  this  value  of  G in 

III- 4  and  the  result  in  III-EO  gives  us 


A Z 
1 2 


B Z 
2 1 


B Z i 
2 1^ 

f Z (B  -A  ) 

2 1 1 

B Z 1 
2 1 

Q 

^ B Z 

Q 

2 1 

as  the  condition  which  must  hold. 

For  >0,  with  J<o,  and  taking  H>0,  Q>0,  J>0, 


we  have 
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AK  /B  Z j\  Z fB  -A  ) /b  Z J\  B Z j 
12/2l\  2 11/£l  \V2l’^ 

V 


fi  Z 
2 1 


B Z 
2 1 


Q 


We  may  write  this  as 


^A  Z\  ZEi  /b  Z HJ 
1 2\  2 1 2 1 
j 


H / Q 


Z (B  -A  ) - B Z 
2 11  2 1 


J 

- ^ 0 


III-29 


By  III-27,  - is  av.  integer.  By  III-24,  the  braoket 

Vl^  VB-A  )j 

and  — - — are  integers.  Hence,  l8  an  integer. 


Furthermore,  by  III-21  and  III-27  the  ratios  in  the  first 


term  of  III-29  are  integers.  Hence  the  condition  III-29 


becomes 


Q I Q y 


Z (B  -A  ) 
2 11 


J 


J 

Q 


B Z J 

>,_LL 


I II -30 


where  the  sign  compatibility  conditions  III-46,  III-47,  to 
be  discussed  later,  together  with  IU-7  in  III-6,  indicate 

that  the  above  ratios  are  all  positive  (integers  as  just 
shown ) . 
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BgKj  J 

The  left  member  thus  i-ndiocitos  that  the  irte^er  

Q 

which  is  5,  is  multiplied  by  a positive  integer,  and 
to  this  is  added  another  positive  integer.  The  result  is 
then  oertcinly  greater  than  G itself,  which  appears  in  the 
right  member.  Hence  the  inequality  holds,  and  III-20  is 
satisfied. 

For  — - — ^0,  taicing  j,  H,  J as  before,  we  have 

instead  of  III-30  the  result 

( 

K (3-A  ) J BK  J 

2 11  \ 2 1 

“ y 

j 'ti 

where  the  sign  compatibility  conditions  III-45,  III-48,  to 
be  discussed  later,  insure  that  the  indicated  ratios  are  all 
positive  (integers,  os  show>-'  above),  so  that  we  may  conclude 
as  before  that  the  inequality  holds  and  that  III-20  is 
satisfied. 

Thus  we  have  showr^  that  it  is  always  possible  to  find 
polynomial  solutions  if  III-l  and  III-7  hold,  which,  if 
III-14  also  holds,  have  non-vanishing  integrated  square  for 


Q 


- J 


all  n. 
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To  obtain  the  values  of  M,  N,  G,  it  may,  however,  be 


to  proceed  by  inspection  to  find  the  precise  value  of  G 
required  to  make  M and  L(n)  integers,  as  will  be  illustrated 
by  the  numerical  examples  of  section  13,  rather  than  to 
follow  the  formal  procedure  outlined  above, 

SECTION  3 

THE  INTEGRATING  FACTOR 
Using  A » 0 from  III-l  in  11-36,  we  have 

w 


more  expedient  to  use  III-4  to  get  the  ratio  — , and  then 


r+1 


s+1 


dx 


wp  B e 


I 11-31 


Dividing  out  an  x and  using  III-6,  we  have 


Wp  3 6 


Using  J = r-s<^0  from  1-27,  as  for  the  descending  series 
solutions,  and  Integrating,  we  have 
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u In  X + 

wp  ■=  0 


u 

■>  X e 


V 

7 


X 


J 


III-32 


Using  A 
III-32  above, 


» 0 from  III-l  in  1-2,  and  the  result  in 

2 

we  have  as  the  integrating  factor 


w 


r+2 


u-r-2 

X 


e 


II 1-33 


SECTION  4 

THE  INTERVAL  OF  ORTHOGONALITY 
Prom  III-32  wp  will  hove  real  roots  at 


if 

V ^ 0 <(u 

1 1 1-34 

- 00 

if 

U,V>  0 

2 

odd 

I I 1-36 

00 

if 

U-  0 , V < 0 

even 

III-36 
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The  possibility  III-36  of  only  infinite  roots  is, 
however,  untenable,  since  we  cannot  have  u»o,  but  must  have, 
as  stated  previously, 

u>l  II 1-7* 


SECTION  6 

THE  WEIGHT  FUNCTION 
Using  III-33  in  1-24  gives  us 


, 1 “->^-2  i 

w * — X e 

At 


r s 

(K^x  ♦ EgX  ) 


Combining  with  the  first  factor  an  x taken  from  the  last 
factor,  and  using  1-27,  we  have  as  the  weight  function  for 
the  descending  series  solutions 


_ V -J 

1^-2  7 * .4 

W--  X e ^ 


III-37 


Now  from  III-6  and  1-48  we  have 
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k(o)  * h(o)  * 0 


BO  that  y is  a oorstar.t.  Acoordirgly,  using  III-37  in 


I-E5,  with  m = n«o,  we  have  for  the  integrated  square  of  y 


where,  no  matter  which  of  the  intervals  III-34,  II 1-35,  or 
III-36  is  considered,  the  origin  is  included  in  the  range  of 
integration. 

The  product  of  the  binomial  and  the  expansion  of  the 
exponential  begins  with  a constant.  The  product  of  this 
constant  and  the  factor  x must  be  x to  a power  greater 
than  (-1),  if  the  integral  is  to  converge  at  the  origin. 

That  is,  we  must  have 


0 


0 


2 


V -J 

-r  X 


II 1-38 


u 


-2>  -1 


which  means  that 


u>l 


III-7” 
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SECTION  6 

COMPATIBILITY  OP  SICKS  OP  THJfi  COBPP ICIBKTS 
IK  THE  DIPPEREKTIAL  EQUATIOK 

Prom  III-2,  the  indioial  equation  for  the  descending 
series  solutions,  solved  for  L(n),  is 


L(n) 


The  closure  equation  solved  for  L(n)  is 

-A  h^fn)  - (B  -A, ) h(n) 

• L(n)  . — i L_i 

Slrioe  for  polTTomiale  we  must  have  k(n)^h{n)!^0  for 
all  n,  then  from  these  last  two  equations  and  the  fact  that 
A^^O  by  I-l  ff,,  we  conclude  that 


For  L(n)^0, 


■f 

then  A^,  have  opposite  signs 

and  B , Z have  opposite  signs 

2 2 


I I 1-39 


11-49' 


I I 1-40 
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Por  L(n  )^0.  then  , 

and  Bg , 

From  III-6  and  III-7,  for 
and  III-36,  we  oonolude  that 

+ + 

u>o,  and  A^, 

For  the  interral  [o,  (il)  **  oo^  , then 

♦ 

v^o,  and  A , B have  opposite  signs.  III-43 

1 M 

For  the  interval  (0,  -oo),  with  j odd.  then 

♦ ♦ 

v'So.  and  A , B have  the  same  signs,  II 1-44 

/ ♦ 12 

Accordingly,  from  III-40.  III-4E.  III-43  we  see  that 
for  the  interval  [o.  oo]  . with  L(n)1^0.  then  we 

must  have 

^1’  ®1*  ®2*  S 


K have  the  same  signs 
1 

Kq  have  the  same  signs 


I 11-41 


permissible  intervals  III-34 


have  the  some  signs. 


I I 1-42 


III-46 
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Prom  111-41^  III-42,  III-43  we  see  that  for  the 
interval  [o,  oo]  , with  L(n)^0»  then  we  must  have 

V V V 

Prom  III-40,  III-42,  III-44  we  see  that  for  the 
interval  (0,  - oo  ) , with  j odd,  and  L(n)^0,  then  we  must 
have 

+ + + -- 

A . B . B . K , K III-47 

1 1 2 1 2 

Prom  III-41,  III-42,  III-44  we  see  that  for  the 
interval  (0, -oo),  with  J odd,  and  l(n)^0,  then  we  must 
have 


+ + + + + 
^1*  ®1*  ^1’  \ 


SECTION  7 

RECURSION  PROIUCT  POR  THE  DESCENDING  POLYNOMIAL  SOLUTIONS 


Prom  III-6  we  have 
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II 1-49 


From  II 1-4,  ueirg  11-60,  we  have 


- A - 
2 1 In 


III-60 


Also  from  III-4,  using  III-49,  we  have 


III-61 


Combining  III-49  and  III-60,  we  have 


I'W  - ■ r 


II 1-52 


Combining  III-49  and  II 1-61,  we  have 


II 1-63 
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Usirg  III-l,  III-5,  III-49,  III-5E,  III-53  in  11-61,  we 
have,  after  factoring  A.  and  B j oat  of  the  numerator  and 
denominator,  respeotively,  as  the  recursion  product  for  the 
descending  series  solutions 


n 


^22  i 

jr  jj  ^ 

^•0  t- 


+ Uh) 


, 2 
(Mn  + 


Bh) 


+ j(u-l)^  ♦ [m(u-D  - G^]n^ +[(B-G)  (u-1)]  n| 


n 


( 


//  2JBj^  + 24Mj^n^+[lT^+ M(u-l) 

^-0 


- G 


>•12  3 2 4 1 

Jn  + EMHn  +M  n ♦ (N-G)  (u-1  )n  + j (u-1 ) J o”  III-64 


Bow  in  the  discussion  of  closure  of  solutions  following 

1-37,  we  let  9(n)  be  the  value  of  9 for  which  we  obtained 

the  last  non -vanishing  coefficient  in  the  descending 

series  solution,  and  showed  that  then  the  numerator  of  the 

recursion  product  1-30  had  to  be  zero  for  d » Ofn). 

max 

Accordingly,  the  numerator  of  the  recursion  product 
III-64  must  be  zero  for  9 having  the  value  9(n),  which  we 
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have  previously  shown  is  relatec  to  the  order  k(n)  and 
subdegree  h(n)  by  the  equation 


h(n)  = k(n)  + ®(n)j 


1-39" 


from  which  we  have 


Q(n) 


h(n)  - lL(n) 

i 


Using  1-48  and  II 1-6  in  this,  we  have 


®(n) 


M 2 
— n 


y-G 

J 


n 


III-66 


By  III-IO  and  III-12  this  becomes 


9(n)  « an  •»-  bn 


III-56 


Since,  as  we  have  said,  the  numerator  of  the  recursion 
product  III-54  is  zero  for  0 » 0(n),  then 


^ - 0fn) 
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must  be  a factor  of  it.  Using  III-66  we  have  this  factor  as 


U 2 
— n - 

i 


y-G 

i 


n 


] 


Multiplying  by  the  constant  j,  we  take  the  factor  in  the 
form 


(5-G)n  + Mn 


2 


III-67 


To  obtain  the  other  factor  of  the  numerator  of  II 1-54, 
we  divide  this  numerator  by  the  factor  III-57  as  follows: 
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I I 1-58 


CM 


C!> 

I 

taci 


iH 

I 

a 


•f 


I 

c» 


c» 

I 

ts, 


at 


a 


I 


+ 

rH 

I 

fJ 


ciJ 

I 

tXi 


to 

to 

c 

CS 

a 

+ 

CM 

- — ■ 

1 

ci 

a 

+ 

■f 

CM 

at 

C 

+ 

CM 

CM 

& 

CM 

1 

CU 

a 

1— 1 

CM* 

♦ 

1 

tz( 

d 

c 

' — ' 

a 

C!> 

+ 

+ 

CM 

— ’ 

, ts, , 

+ 

+ 

4- 

at 


a 

at 

+ 


•r^ 

at 


at 


0 

1 


“W 


(M 


CM 


CM 


>§. 

s 

+ 

CJJ  C!> 

+ + 

tz;  s=i 


CM 

a 

+ 

« CO 

c c 


C!> 

I 

a 

+ 


0 

1 

a 


CM 


I 

d 


+ 

CM  CM 
C C 
'Ok 

a a 


CM  CM 


I 

d 


t 

a 
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Using  III-67  and  III-E8  in  III-54,  and  this  result, 
together  with  111-66^  in  1-26,  we  have  the  Kon-Classical 
Orthogonal  Polynomial  Solutions 


7 

n 


n 

0 

h 


♦ hn 


d-0 


~JT  [Mn^+  (If-G)n  ♦ j^] 


[ifn^  + (N+G)n+  (u-1)  + Jj^] 


Mn  ♦Wn+OJ 


III-69 


For  the  particular  value  j =-l,  this  becomes 


i //  [ifn^  + (N-G)n  - 
01  j^-o 


2 

r 2 T Mn  +Kh-0 

• LMr  (I+G)n  + (u-1 ) - x III-60 


SfiCTIOff  8 

DESIVATIVifi  mSPIKITION  OF  THE  POLYNOMIAL  SOLUTIONS 

We  now  consider  the  functions  given  by  the 
derivative  definition 
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-Tx  R S Tx 

Y « e 1)  (x  0 ) III-61 

r 

where  D is  the  derivative  operator;  R,S,T  oorstants; 

R a positive  integer;  R^S. 

By  the  so-oalled  ^shifting  formula"  of  differential 
equations,  we  have 


-Tx  Tx  R S 

Y«e  e (T  + D)  x 
n 


Expanding  the  binomial  gives  us 


Y 

n 


R 


z 

9«0 


ll)  T 


R-Q 


9 S 

D X 


Carrying  out  the  indicated  differentiation,  we  have,  using 
11-74, 


T 

n 


R 

T 


R 


9^=0 


<|i 


r(s+i)  S-# 

X 

ns-9+1) 


I I 1-62 


Writing  this  out  gives  us 
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n 


R S R-1  R _ S-1  ^H-£  R(R.I)  ^ 

Tx+T  T.  ^ — S(S-l) 

1 1 ^ • 


S-2 


+ R(R»1)  (R-£)_  a(3-l)(S-2)  X + ... 

Zl 


r(S4i)  s-R 
+ X III-63 

r(S-R+l) 


Aocordingly,  we  may  write 


R 

Y » T 
n 


R 


:e 

9*0 


1 

91 


9-1  S-9 

77”  (H-5^)(S-^)  X 

^mO 


II 1-64 


wherein  as  before  following  1-30  we  define 


1 


Comparing  III-60  with  III-64,  we  see  that  in  order  to 

be  able  to  identify  the  functions  Y given  by  II 1-64,  whioh 

n 

we  obtained  from  the  derivative  definition  III-61,  with  the 

solutions  y given  by  III-69,  we  must  take  J * -1.  Then 
n 

in  III-60  and  III-64  we  make  the  following  identifications: 
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1 ^ 

III-66 

Using  II 1-6  in  this  gives  us 

T = V 

We  also  have 

III-66 

2 

R - Mn  ♦ (N-G)n  -1 

III-67 

£ 

3 » Mn  + (N+G)n  + (u-1)  ♦! 

III-68 

3 - R * 2Gn  + u - 1 

II 1-69 

n R 

c « T 
k 

III-70 

III~6,  III-66,  III-67  this  becomes 

n Mn^+(F-G)n 

Op  » V 

Mr  Slln 

III-71 

Prom  the  last  term  in  II 1-63  we  hove 
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n 

0 B 

^ r(3-R+i) 


By  1-48,  III-68,  III-69  this  becomes 


n ♦ (N+G)n  ♦ u] 

Gri  r[2Gn  + u] 


With  the  preceding  identification  of  the  constants  in 
III-60  and  III-64,  we  now  have 

H 

y * X Y 

n n 

Equating  the  orders  of  both  members  of  this  equation  gives 
us 

k(n)  = H + S 

By  III-6  and  III-68  this  becomes 
Z 2 

Iftn  + Wn  » H ♦ Mr  ♦ (H+G)n  + (u-1) 


III-72 


III-73 


11-93' 


so  that  H is  given  by 
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- u + 1 


This  same  result  is  also  obtainable  by  equating,  with 
the  aid  of  the  last  tern  in  I1I-G3,  the  subdegrees  of  both 
members  of  11-93'  above 


h(r)  - H + (S-R) 


Using  1-48  and  III-69,  this  beoomes 


Gn  = H + 2Gn  u - 1 


so  that  H is  again  given  by 


H«-On-u  + l 

Using  III-66,  III-67,  III-68  in  II 1-61,  and  the  result, 
together  with  11-94",  in  11-93',  we  have  as  the  Derivative 
Definition  of  our  Kon-Classioal  Orthogonal  Polynomial 
Solutions 


2 

-Gn-u+1  -vx  Mn  +(lf-G)n 
X e D 


Mn^+(N+G)n+(u-l) 

X 


vx 

e 


11-94" 


11-94"' 


II 1-74 
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SECTION  9 


NON- VANISH  INC  QF  THE  INTEGRATED  SQUARE  WHEN  n = 0 


Talcing  n * 0 in  II 1-74,  we  have 


11-97’ 


Using  this  and  J = -1  in  II 1-38,  and  tahing  the  positive 
interval  III-34,  wherein  v<^o^u,  we  have  for  the 
integrated  square  of  y 


Eor  this  integral  to  converge  at  the  lower  limit, 

III»7"  (following  III-38)  required  only  that  u^l.  Hence 
(u-£)  may  be  a fraction.  In  this  case,  for  I(o)  to  be  reol^ 
we  must  have  x^o.  Then  by  III-34  the  upper  limit  can  only 
be  +00,  and  III-35,  III-47,  III-48  cannot  obtain. 


0 


u-E  vx 

X e (E  +K  x)  dx 


III-76 


Let 


V - -J,  J>0 


II 1-76 


Then  III-75  becomes 
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I(o)  - - 


00 


K.  / 


a-2  -Jx 

X e 


00 


dx  ♦ K, 


/ 

0 


a-1  - Jx 

X e 


dx 


III-77 


But  the  Ganana  function  is  (12,  p.  165,  equation  11) 


n 00  n-1  -Jx 

p{n)  • J / X e dx,  J>0  . III-78 

0 


Using  this,  III-77  becomes 


Ko) 


1 r n^-1) 
I h 

^iL  j 


Using  III-76  we  may  write  this  as 


But  from  III-51  we  have,  with  the  aid  of  11-60  and  II 1-6, 


K V - Z (u-1)  i 
1 2 5 


III-79 
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Using  this  we  may  write  our  previous  result  as 


Ko)  . i 
A, 


K^(u-l)  - Kgtu-l)  - 


u Ko  -u 

(-1)  Z ^ 

"l 


r _ o 1 

R-G 

N 


III-80 


which  proves  II 1-14,  Then  hy  III-12  we  have  the  proof  of 
III-13 

V / 0 III-13' 


SECTION  10 

INTEGRA  TED  SQUARE  EORMGLA 

Using  III-37,  with  j » -1,  and  III-74  in  I-E6,  with 
m»n,  we  have  for  the  integrated  square  of  y^,  taking  the 
interval  (0,  oo  ) of  III-34,  wherein  v<o<u  , 


n 00  u-2  vx 

I(n)  . - / X e (K  +K  x)  y x 

A 0 1 2 n 

1 


-Gn-u+1  -vx 


Mn  +(N-G)n 


Mn  ♦{N-»-G)n4-(u-l)  vx 
X e J dx 


III-81 
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Let 


i 


2 

Mn  +(B<*-S)r+(u-l)  vx 
X e 


II 1-82 


ard  derote  the  derivatives  of  ^ by  superscripts  ir  braces. 
Ther  11-81  becomes 


Kr) 


1 

A. 


II 1-83 


where 


00  -Gri-l  {ur^-*-(]?-G)n] 

I (r)  - J“  (x  7 ) i dx  III-84 

1 0 


and 


00  -Or  {lln  •♦•(F-G)n} 

I^(n)  - / (x  y ) ^ dx  III-86 

2 0 


It  is  convenient  to  consider  I (n)  first.  Let 

2 


-Gn 

P 2 • 3C  y II 1-86 

l«n  +(N-G)n.O  n 


where  P is  a polynomial  of  order  and  subdegree  as  indicated 
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by  the  respective  subscripts.  For  y is  of  order  k(r)  ar,d 
subdegree  h(r),  Herce 


^ 2 

Mr  +(N-G)r,0 


-Gr 

X 


■ r k(r) 

0 X ♦ 

k(n) 


r h(r ) 
+ c X 

h(r ) 


Usirg  the  values  of  k(r)  ard  h(n)  as  giver  by  III-6  and 
1-48,  respectively,  we  finally  obtain 


2 

-Gn  r Mn  +lfn  n On 

Pg  =X  * +0..+OX) 

Mn  +(N-G)n,0  Mr  +Nn  Gn 


g 

n Mn  +(N-G)n  n o 

»cg  X ♦..,♦0  X II 1-87 

Mn  +Nn  Gn 


Using  III-86  in  III-86  gives  us 


00  fMn^+(N-G)n] 

I  (n)  - / P g 9^**  dx 

2 0 Mn  ♦(F-G)r,0 


By  parts 
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U 


Mn  ♦{N-S)n,0 


dV 


fMn^+(If-G)nj 

dx 


{Mr^+(N-G)n-l] 

dU  - P'  2 ^ V » 

Mn  +(F-a)n,0 


Then 


I M 
2 


^ 2 

L l£n  4(ff-G)n,0 


(N-G)n-l] 


cx> 


Jo 


00 

/ pi 

0 Mn^+(K-G)n,0 


{kn^+(lf-G)n-l} 

^ dx 


III-88 


Using  the  expression  for  ^ given  by  III-82,  and 
performing  the  differentiation,  indicatea  in  the  bracket  of 
III-88,  we  have 


{Mn^+(N-G)n-l} 

2 

Mn  +(W-G)n-1 

r 2 1 

Mn  + (F+G)n+ (u-1 ) vx 

r 

= D 

X e 

Using  the  shifting  formula  of  differential  equations,  this 
becomes 
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vx  Mn^+(K-G)n-1  Mr.^+ (N+G)r.+ (u-1 ) 

e (v+  D)  X 


Expardirg  the  biromial , we  have 


VI 

e 


Mr  ♦(lI-G)r-l 


♦ 


(R-G)r-l 

d 


) 


Mr^-^(N-G)n-l-0 

V 


0 Mn^+(N+G)r+ (u-1 ) 

* D X 


Using  11-74,  we  have 


vx  Mr^+(N-G)n-1 

Z 

QmO 


^Mn' 


'♦(jr-G)n- 
9 


2 

Mr  +(N-G)n-l-9 

V 


r~[Mn^+ (1I4-G  )n+u] 

rrMr^+dJ+Gln-t-u-G] 


Mn^-»-(N+G)n+(u-l  )-0 

X 


ffith  the  aid  of  III-71  and  III-73,  we  may  write  this  as 


‘ n 

Op  2 

Mr  + (N+G)n+(u-l ) 

X ♦ 


2Gn+u  vx 
X e 


v 


• • • 


2Gn+u 


II 1-89 
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Denote  this  by 


EGr+u 


g 


Mr^+{N-G)n-1,0 


vx 

e 


III-90 


where  g is  a polynomial  of  order  and  subdegree  as  indicated 
by  the  respective  subscripts. 

Using  III-90  in  the  bracket  of  II 1-86  gives  us 


I^(n) 


^ 2 

. Mn  +(P-G)n,0 


®Mn^+(N-G)n-l,0 


2Gn+u 

X 


00 

S P' 

0 Mn^+(N-G)n.O 


{Mn^+(F-G)n-l] 

dx  III-91 


We  see  that  for  all  n > o (if  n»  o,  the  integration  by 
parts  is  meaningless),  the  bracket  in  11-91  contains  x to  at 
least  the  power  2+u>3  , since  we  have  from  III-7  that  u>l, 
and  we  know  that  G^l.  Also,  by  III-34,  we  have  taken  v<o. 
Hence,  for  all  n^o,  the  bracket  in  III-91  vanishes. 

If  then  we  integrate  by  parts  in  III-86  a total  of 

2 

to  +(N-G)n  times,  we  have,  as  an  extension  of  III-91, 
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I^(.) 


(-1) 


Mr  +(K-G)n 


00  {Mr^  + (W-G)n} 
f ^ Z 

0 Mr  +(N-G)n,0 


dz 


airoe  each  time  we  apply  the  method,  the  hrachet  suoh  as  we 
had  ir  III-91  will  be  of  the  same  order  ard  subdegree  as  in 
III-91.  By  III-87  we  have 


Mr  +(N-G)n  r r g 1 °° 

I (n)  . (-1)  C o LMn  +{N-G)rJi  / dx 

2 Mr  +Nn  0 


Using  II 1-71  ard  II 1-82  ir.  this,  we  hove,  with  the  aid  of 
III-76 


Mr^+fU-G)r  Mr^+(N-G)n  r £ , 

I (n)  = (-1)  V iMn  +(N-G)rJl 

2 


2 

00  Mr  ♦(ir-»-G)r+(u-l ) -Jx 
• / X e dx 

0 


Using  III-78,  this  becomes,  after  replacing  J by  (-v)  from 
III-76, 
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Ig(n) 


(-1) 


Mn^+(K-G)n  Mr  +(If-G)n  r 2 i 

V iMr  +(K-G)nJj 


r[Mr^+(K+G)r+u] 


(-V) 


Mr‘^-i-(K-^G)r+u 


which  simplifies  to 


I (r) 
£ 


u 

(-1) 


-SGr-u  f 2 T r 2 1 

V riMr  •••(jr+Qjn+uJ  Llfci  +(N-G)rJj 


III-98 


Vtfe  now  consider  I^(n) 


as  given  by  II 1-84. 


Let 


-Gn-1 

Q g « X y III-93 

Mr  +(lf-G)n-l,-l  ” 


where  Q is  an  algebraic  function  of  order  and  subdegree  as 

indicated  by  the  respective  subscripts.  For  y is  of  order 

n 

k(n)  and  subdegree  h(n).  Hence 


Q 2 

Mn  +(N-G)n-1,-1 


-Gr-1 

X 


■ n kfn) 

o X + 

lc(r) 


n b(n)' 

+ 0 X 

b(n ) 


• • • 
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Using  the  values  of  k(r)  and  h(n)  as  given  by  III-6  and 
1-48,  respectively,  we  finally  obtain 


^ ■ 2 

Mn  +(N-G)n-1.-1 


-Gn-1 

X 


n Mn^+lTn 

(Op  3C 

Ifn  +Nn 


n 


+ c 

Gn 


Gn 
X ) 


n Mn  +(N-G)n-1 

» 0 2 X + 

Mn  +Nn 


n -1 

+ 0 X II 1-94 

Gn 


Using  III-93  in  III-84  gives  us 


00  {l&i^+(N-G)nj 

I{n)  = /Q2  i 

1 0 Mn  +(N-G)n-1,-1 


By  parts 


U - (J 


2 


Mn^+(N-G)n-1,-1 


{Mn^+(B-G)nj 
dV  = dx 


dU  - Q* 


Mn^+(I-G)n-1,-1 


dx  1^4 


{Mn^+(N-G)n-l} 


Then 


) 


Q ’ 

. Mn^+(N-G)n-1,-1 


00 


i 


00  fMn^+(N-G)n-l} 

- / Q'  2 ^ dx  III-96 

0 Mr.  +(N-G)n-1,-1 


The  differertiatior  to  be  performed  or  the  in  the 

bracket  here  is  the  same  as  that  ir  the  bracket  of  II 1-88. 

Herce  the  result  is  the  same  as  III-90.  Aocordirgly, 

,[Mr^+(N-G)r-l} 

irsertirg  this  for  in  the  bracket  of  III-96, 

we  have 


^ Z 

. Mr  +(N-G)r-1.-1 


2Gn+u 

go  X 

Mr  %(lf-G)r-l,0 


vx  ] 00 
e 

0 


00  iMr^+(N-G)r-l] 

- / Q*  2 ^ dx  III-96 

0 Mr  +(W-G)r-1,-1 


We  see  that  for  all  r^o  (if  r»o,  the  irtegratior  by 
parte  is  mearirglese ) , the  bracket  ir  III-96  cortairs  x to 
at  least  the  power  2+u-l  » u+l>2,  sirce  we  have  from  III-7 
that  u>l,  ard  we  krow  that  G^l.  Also,  by  III-34,  we 
have  taker  v^o,  Herce,  for  all  r^o,  the  bracket  ir 


I 11-96  varieheSo 
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If  then  we  integrate  by  parts  in  III-04  a total  of 

2 

Mn  +(If-G)n  times,  we  have,  as  an  extension  of  II 1-96, 


I^(n)  . (-1) 


Mn^+fN-G)n  oo  (Mn^+(N-G)n} 

/ Q ' P ^ At 

0 Mn  +(lf-G)n-l,-l 


since  each  time  we  apply  the  method,  the  polynomial  in  the 
bracket  such  as  we  had  in  III-96,  will  be  of  the  same  order 
and  subdegree  as  in  II 1-96.  By  III-94  we  then  have 


2 2 

Mn  +(N-G)n  n Mn  ♦(IT-G)n  , 'g  , 

I (n)  - (-1)  c (-1)  [Mn  +(N-G)n]s 

1 Gn 


00  -1-Mn  -(IT-G)n 

• / X dx 

0 


Using  III-73  and  II 1-82,  we  have 


I^fn) 


(-1) 


2[Mn  •♦•fIT-G)nJ  f*[Mn^+ (U+G)n+u] 


P (2Gn+u) 


[Mn^+(N-G)n] I 


2 2 
00  Mn  ♦(lT+G)n+fu-l)  - 1-Mn  -(ir-G)n 

• / X 

0 


vx 

e dx 


£08 


With  the  Qid  of  III-76,  we  have 


I^(r) 


p(£Gn+u) 


00  2GH+U-8  -Jx 

/ X e dx 

0 


Usirg  III-78,  ard  replacing  J by  (-v)  from  III-76,  this 
becomes 


I (n) 
1 


r[Kr^(N.S)r.u] 

p(2Grs+u) 


P(2Gn+U“l ) 


^ , 2Gn+u-l 


u-1  -2Gn-u+l  r[lln^+(N+G)n+u]  r 2 , , 1. 

:-l)  V i LMn%(N-G)nJj 


1 1 1-97 


2Gn+u-l 


Using  II 1-92  and  III-97  in  II 1-83,  we  have 


Ifn)  » - 
A 


V- 


u -2Gn-u 

(-1)  K V 
2 


rfMn^+(N+G)n+u]  [lin^+(N-G)n]  I 


u-1  -2Gn-U4l  r[Mn^+(N+G)n+u]  r o i ' 

♦ (-1)  K V 1-i i [ita  +(N-G)nJJ 

^ 2Gn+u-l 


III-98 


803 


I(r) 


-EGn-u 

V 


r [Mn^+(N+G)n+u] 


(N-G)ti] 


f 

9 


K (2Gn+u-l)  - K V 
2 1 


2Gr+u-l 


II 1-99 


But  equatirg  the  right  members  of  III-60  ar.d  III-61,  and 
dividing  out  an  A^O  gives  us 

G u-1 
U N 


from  which 


u-1 


GN 

U 


Ill-lOO 


Using  11-60  and  III-6  in  III-60,  and  multiplying  the  result 
by  i^g/A^  , we  have 


III-lOl 


Using  Ill-lOO  and  III-lOl  in  the  bracket  of  III-99,  we  have 
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KoS 

K (2Gn  + — ) - 

2 U M 


ON 

2Gri  + — 

M 


Multiplyir’g  Tjumerator  and  denominator  by 
result  in  place  of  the  hraclcet  of  III-99 
irjtegrated  square  formula 


u 

- , and  using  the 
0 

we  have  as  the 


I(n) 


u 

(-1) 


Kp  -2Gn-u  f2Mn+(N-G) 

— V 

L 2Mn+N  . 


. r[lfn^-*-(N+G)n-»-u]  [Mn^+(N-G)n]  1 III-102 


Using  III-lOl  in  the  form 


in  III-102,  we  have  as  an  alternate  form  of  the  integrated 
Square  formula 
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u K -2GT1-U+1  jj 
I(r)  = (-1)  -i  V — 

s‘ 


2Mn+n7-G) 

2Mr+N 


rfun^  (N+Gln+a]  [Mr^+(N-G)n] J III-103 


For  r-o,  III-102  becomes 

III-80' 

as  we  had  before  by  the  direct  method  for  I(o). 

Aocordirgly,  we  cor.clude  that  the  formulas  III-102  and 
III-103  for  the  integrated  square  are  valid  for  all  n, 
including  n » o* 


u 


-u 


I(o)  . (-1) 


r(u) 


II-G 

IT 


SBCTION  11 

HOK-TJSLifiSCOPING  OP  THE  HECURSIOH  PROIUCT 
OF  THE  POLYNOMIAL  SOLUTIONS 

Using  III-l  in  11-132  and  11-137  gives  A • 0,  since  we 
dismiss  J * 0 as  giving  monomials.  But  then  the  differential 
equation  I-l  is  degenerated  to  first  order  with  the  result 
that  the  orthogonality  property  is  annihilated.  Thus  there 
is  no  telescoping  which  preserves  the  orthogonality  property. 


£06 


SECTION  12 
SUMMARY  OE  RESULTS 


(A.x^)y”  ♦ (B,x  + Bpx“^'^^)y'  + L(n)  + K x"^|y  - 0 

I n 1 ^ n L-‘-2Jn 


I-l 

1-22 

1-27 

III-l 


h ®2  h 

u - -1  >1  ; V - <0  , and  Z*  » -^<0  if  u is 

A 2 


1 1 1-6 
III-7 
II 1-34 
1-60 
III-76+ 


fractional.  « 0. 

2 


+ + - ; - III-l 

A . B . B . Z . K , for  the  Interval  III-46 
1 1 2 1 2 III-46 


(0,oo  ) , L(n)  ^ 


K — 

) > 0 . 5 (u-l ) . M - , N 


Z 


2 


G V 


III-4 

III-6 

1-50 

III-14 


k(n)«Mn+Nn,  h(n)=Gn,  G» 


B Z J 
£ 1** 

Q 


III-6 
1-48 
II 1-28 


Q = g.o.d.  /iBgZ^HJI  , J.  BgJ  /|K^B|.  B^Fj 


III-27 


J ■ g.o.d.  ^2^2 ^ * 


Z 


B. 


Z 0 
2 

B 1 
2 


A 0 1 


H » 


^ ^ 4 III-24 

g.c.d.  A^Zg,  III-21 


E * g.c.d.  A^,  Z^ 


F « g.c.d.  Z^ 


11-27* 

11-30* 
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B - -A  h (n)  - (B -A  ) h(n) 
L(n)  k(n)  * 


-Iz-J 

u-2  j 


W = 


— X e 
A, 


n 


Mn  + (N-G)n 

-J 


©-0 


0 


1 r £ I 

7T  iMn  + (N-G)n+ 

G a 


[mti^  + (]T+G)n  + (u-1 ) + 


Mn  ♦l?ri+0j 


n Mr  +(lf-G)n 
0 » V 

k 


Wher  Derivative  Definitior 
is  asecl,  then  J - -1 


n 


2 

-Gr-u+1  -vx  Mr  +(N-G)r 
X e D 


Mr^+(N+G)n-f  (u-1 ) vx 
X e 


I(n) 


u 

(-1) 


-£Gr-u 

V 


■£Mr.+  (N-G)  ■ 
£Mr+N 


III-39 
I 1-49 ' 


II 1-37 


III-69 
III-56 
II 1-56 


III-71 

III-6 


III-74 


# 


r[Mr^+(l?+G)r+u]  [Mr^+(]?-G)r]  I 


III-102 


SECTION  13 


NUMEfilCAL  EXAMPLES 

EXAMPLE  1 u,v  integers;  N>G=1 

constant  of  proportionality  • 1 


A^»  1|  Ag*  Og  3g  -1,  K^=  “1 » Eg*  1» 

u.|=.3>l,  T-^»-l<0,  = 

m-1,-7,-34,-45  all  hold.  - = ~r  (3-D  - “ . so 

G —1  1 

“1  /,  , 

taking  G*  1,  N*  2,  we  have  M ■ — (1)  » If 

E 

k(r)  « n +2n^  h(n)  = n,  and  III-14  holds.  Also 


L(n) 


2 

-(1  )n 


(3-l)n 


-1 


2 

n + 2n 


n{n+2) 


Therefore  the  differential  equation 


(x^)y”  + (3x-x^)y'  + n(n+2 ) (-1  x)y 
n n n 


= -1 


Thus 


that 


has  polynomial  solutions 
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y 

n 


2 2 
r,^„n+n 

(-1)  2^-1)  - 

9=0 


jr  (n^'  + r 

5^=0 


• (r^  + 3n  + 2 - yf) 


n^4-  2r-9 

X 


orthogonal  in  (0,oo),  with  weight  function 


-X  2 -X 

W-xe  (-l+x)  = (x-x)e 


having  the  derivative  definition 


-n-2  X n 4-n 
X e D 


n\  3n-*-2  -x 

X e 


and  integrated  square  formula 


I(n) 


-2n-3 

(-1) 


2n+l 

2n+2 


♦ 3n  ♦ 3 ) 


(n^4 


n ) ! 


2n+l 


(n^  + 3n  2) ! 


(n^  ♦ n) i 


2n-f2 
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y = 1 


-3  X 2 6 -X  -3  2 6 -3  2 6 

y^  = x 6 D (x  e )=x  (D-1)  X »x  (I)-2D+l)x 

-3  4 6 6 3 2 

=x  (6*6x-2*6x+x)  »x-  I2x  + 30x 


-4x6  12  -X  -4  6 12 

y »x  e D (x  e )»x  (D-1)  x 


-4  6 6 4 3 2 12 

» X (D  - 6D  + 16D  - 20D  + 16D  - 6D  + 1 ) x 


-4  6 7* 

= x (12*ll'lO'9'0*7x  - 6*12  *ll*10*9*8x  + 16*12'll*’10'9x 

9 lo’  11  12 

- 20*l2«ll«10x  + 16‘12‘llx  - 6-12X  + x ) 


8 7 6 6 4 

= X - 72x  + l,980x  - 26,400x  + 178,200x 

3 £ 

- 670,240x  + 6^6,280x 


Ko)  - ~ (2)i  (0)1  = 1 
2 


2 

1(1)  = - (6)1  (2)!  = 9 (6)1  - 9 (120)  - 1080 
4 


/ . 5 

1(2)  - - (12)1  (6):  . 6 (6)1  (12)1  = 6(120)(12)I  = 600  (12)1 
6 

= 600  (479,001.600)  = 287,400,960,000 
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EXAMPLE  2 u.v  fractions;  N)>G  = 1 

constant  of  proportionality  » 1 


■^l"  ■^2*'  ^1*°  ^2* 


j » — 1 


^ - |>1.  Thus 


III-l,  -7, -34, -45  ,-76ff.  all  hold.  £ - -l£  (£ -1 ) » £ , 

0^12  1 

“ 2 

-2  2 

80  that  taking  G»=l,  N-2,  we  have  M » — — (1)  » 4, 

“ 2 

£ 

k(n)  = 4n  + 2n,  h(n)  » n,  and  II 1-14  holds.  Also 


L(n) 


(3-2)n 


-1 


2 

2n  + n 


n(2n+l ) 


Therefore  the  differential  equation 


2 

(2x  )y"  * (3x 
n 


n 


n(2n+l) (-1  + 2x)y 

n 


0 


has  polynomial  solutions 


21E 


y 

n 


2 

4n  + n 


e-1  2 

77"  +n-f^) 


2 

• (4n 


3n  + i-  Ji^) 
2 


^ 2 o 

4n  +n-0 
z 


orthogonal  in  (0,oo),  with  weight  function 


W 


1 -1/2  -z/2 

— X e 

2 


(-1 + 2x) 


1/2 

(x 


-x/2 


having  the  derivative  definition 


y 

n 


-n-1/2  x/2  4n  +n 

X e D 


J 2 

4n  +3n+l/2  -x/2 

X e 


and  integrated  square  formula 


Kn)  . (-1) 


3/2 


/ ^y2n-3/2 

8n+l‘ 

\ J 

8n+2 

f”(4n^+  3n  + — ) (4n^+  n)l 
' 2 


ren+i 


4n+l 


f-/  2 3,  , 2 , 

p(4n  + 3n  + -.)  (4n  + n)l 


£13 


EXAMPLE  3 u,v  irtegers;  4 ^ 

constant  of  proportionality  = 1 


A^«  1,  0,  £,  -8,  -1 » 3,  j * -1 


u-  --£>!.  v-::^=-2<0,  kJ--^»-3<0.  Thus 

1 ' 1 c -1 


N 3 3 

111-1,-7.-34,-45  all  hold.  - - — (2-1)  = - , so  that 
’ G -2  2 

*3  2 

taking  0*2,  F*3,  we  have  M * — — (2)  *6, 


k(n)  » 6n  +3n,  h(n)  » 2n,  and  III-14  holds.  Also 


^ ^ -(l)(2n)‘'-  (2-l)(2n)  2 ^ o / o •,  x 

L(n)  * * 4n  + 2n  * 2n(2n+l) 

-1 


Therefore  the  differential  equation 


(x^ly”  + (2x-2x^)y»  -»•  2n(2n+l ) (-1  + 3x)y  - 0 
n n n 


has  polynomial  solutions 


S14 


E c 2 
6n  +r  6n  + n 

(••2 ) 

9*0 


77”  + n - ^) 

^=0 


( 6n  + 5n  + 1 ->  ) 


g 

on  + 3n-0 

X 


orthogonal  in  (0,oo),  with  weight  fonotion 


0 -Ex 

W * X e (-1  + 3x) 


-Ex 

( 3x  - 1 ) e 


having  the  derivative  definition 


-En-1  Ex  6n^4-n  6n^+ 6n+l  -Ex 

y * X e D X e 

n L 


and  integrated  square  formula 


Kn) 


-4n-2 

(-2) 


lEn-»l 

lEn+3 


• P ( 6n  + 5n  + E ) 


+ n)I 


-4n-E 


lEn-i-1 


( 6n  + 6n  ♦ 1 ) I ( 6n  + n ) 


4n+l 


E16 


EXAMPLE  4 u fractional;  4 ^ 

constant  of  proportionality  * 1 


A^.  2,  Ag.  0,  3.  Bg=  -2,  -1.  3.  J - -1 

U.®>1.  T . ^ . -1<0.  K»  . 4 * 

Z'  2 ' 2 -1 

U “3  3 3 

iri-l,-7.-34,-45,-75ff.  all  hold.  " = “ P 

-3  8 

so  that  taking  G-2,  K-3,  we  have  li  «=  ~ (2)  » 12, 

k(n)  - 12n^+  3n,  h(n)  » 2n.  and  I 11-14  holds.  Also 

,(„)  . -(B)(2n)^(3.2)(2nJ^  ^ ^^2  ^ ^ 

-1 


Therefore  the  differential  equation 


2 2 

(2x  )y”  + (3x-2x  )y'  2n(4n+l)  (-1  + 3x)y  - 0 

n n n 


has  polynomial  solutions 
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y 

n 


(-1) 


to  2 

12n  +n 


2 

12n  +n 

2: 

0«*O 


0 

(-1)  - 


1 

0i 


w-J-  2 
77“  (12n  +n-j<) 
4-0 


2 2 
(12n  +6n+  — 


12n^-»'2n-0 

z 


orthogonal  in  (0,oo),  with  weight  function 


1 -1/2  -X 

W « - X e (-1  + 3x) 

2 


1 1/2  -1/2  -X 

1 (3x  -X  ) e 

2 


having  the  derivative  definition 


y 

n 


2 2 

-2n-l/2  X 12n +n  12n+6n+l/2  -x 
X - e D X e 


and  integrated  square  formula 


3/2  , -4n-3/2 

I(n)  - (-1)  £ (-1) 

2 


24n+l 

24n-»-3 


r(12n^+5n  + ~)  (12n^+n)J 
‘ 2 


1 

2 


24n+l 


8n+l 


P(12n  +6n  + — ) (12n  +n)I 
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ifilAMPLE  6 u,v  integers;  N^G  / 1 

constant  of  proportionality  « 1 


A^«  1,  A^*  0,  2,  “1»  -2,  Kg-  1*  J - -1 

u-j-2^1,  v»~=-l<0, 

^ 1 

w “ "2  1 

111-1,-7.-34,-46  all  hold.  - - — - (2-1)  • -r  ^ bo  that 

G — 1 ^ 

1 

^ 2 

taking  G « 2 , K - 1 , we  have  M - ( 2 ) » 2 , 

- 1 


k(n)  ■ 2n  +n,  h(n)  » 2n,  and  III-14  holds.  Also 


. -fl)(2n)  -(2-l)(2n)  2 

L(n)  » ■ ' ■ — ■■■ - 2n  +n  = n(2n+l) 

-2 


Therefore  the  differential  equation 


2 2 

(x  )y"  + (2x-x  )y'  + n(2n-fl ) (-2  ♦ x)y  » 0 
n n n 


has  polynomial  solutions 
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y » (-1) 
n 


2 2 
2n  -n  2n  - n 


Q 1 S 


(-1)  - IT  (2n  -n-j^) 

0»O  ®* 


• ( 2n  + 3n  + 1 - 5^)  x 


2n  n-0 


orthogonal  in  (0,oo),  with  weight  funotion 


-X 

W » e (-2  + x) 


-X 

(x-2)  e 


having  the  derivative  definition 


-2n-l  X 
: e 


2 

2n  -n 


n 


2n  ♦ 3n+l  -x 
c e 


and  integrated  square  formula 


2 

Kn)  = (-1) 


1 

1 


-4n-2 

f-1) 


4n-l 

4n+l 


P ( 2n  3n  + 2 ) ( 2n  - n ) 


4n-l 

4n+l 


(2n^+  3n+l)!  (2n^-n)i 
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EXAMPLE  6 u fractional;  N^G  ^ 1 

constant  of  proportionality  ■ 1 


A 


2,  ^2*  ^2~  ^1*  * ^2*  J * 


u - ->1,  v.~.-l<0,  z*--i=-l<0.  Thus 

2 ^ 2 ^ ’ 2 -1 

III-l,-7,-34,-45.-76ff.  all  hold.  - = — ( — 1)  = 

G -1  2 

-1  2 

so  that  taking  G * 2,  17  = 1 , we  hove  M « — - (2)  » 4 , 


k(n)  = 4n  + n,  h(n)  = 2n,  and  III-14  hcldSo  Also 


_ , -(2){2n)  - (3-2)(2n)  „ 2 

L(n)  » 8n  + 2n  = 2n(4n+l) 

-1 


Therefore  the  differential  equation 


(2x^)y”  ♦ (3x-2x^)y'  + 2n(4n-«-l ) (-1  + x)y  = 0 
n n n 


has  polynomial  solutions 


iH  I CM 
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= (-1) 


p 2 

4n  -n  4n  - n g 


- 11  VI  2 

(-1)  - 77"  (4n 

^0 


• { 4n^  + 3n  + i ) x 
2 


4n  +n-e 


orthogonal  in  (0,oo  ).  with  weight  function 


, 1/2  -1/2 

1 -1/2  -X  ^ ^ ^ [x  -X 

W = - X e (-1  +x)  - ^ 

2 I 2 


-X 

e , 


having  the  derivative  definition 


y = X 
n 


-2n-l/2  X 4n  -n 
e D 


4n  + 3n+l  /2  -x 
i e 


and  integrated  square  formula 


3/2  T 

I(n)  » (-1)  i.  (-1) 

2 


8n-l 


8n-fl 


r(4n^+3n+— ) (4n^-n)! 
' 2 


" [—1 

2 [8n+lJ  ' 


2 2 . , 2 . 
4n  + 3n  + — ) (4n  - n) I 
2 


EXAMPLE  7 u,v  integers;  II^G  1 

constant  of  proportionality  / 1 


A - 1.  A = 0.  B = E,  B » -1,  X = -4,  K = 6,  j = -1 
12  12  1 E 

u--»E>l,  v = li=-l<0,  Thus 

1 ^ 1 2-4  2^ 

_ 3 

111-1,-7,-34.-45  all  hold.  -=  — - (2-1)  - - , so  that 

0-1  2 

3 

” ^ 2 

if  we  try  0 ■ 2 , N » 3 , we  have  M = ( 2 ) = 6 , 

- 1 


k(n)  = 6n  + 3n,  h(n)  » 2n,  and  III-14  holds.  But 


L(n) 


-(l)(2n)^-  (E-l)(£n)  2n^+  n 

■"■■■  ■ ■■"  ■ Ill  K ■ ■ ■!'  ■ 

-4  2 


which  is  not  an  integer.  But  by  inspection  of  this  result 
for  L(n),  we  see  that  if  we  augment  the  above  trial  values 
of  W and  0 by  a constant  of  proportionality  2,  we  will  have 


_ 3 

0-4,  N-6,  M * — ^ (4)  - 24,  k;(n)  - E4n^+  6n,  h(n)  - 4n, 


-(l)(4r)  - (2-l)(4n)  ^2  ,,  ,, 

» — - 4n  + n = n(4n+l) 


-4 


an  integer.  Therefore  the  differential  equation 


(x  )y"  ♦ 
n 


/ 2, 

(2x-z  )y' 
n 


+ n(4n+l ) (-4 + 6x)y  - 

n 


0 


282 


has  polynofnial  solutions 


n 


(-1) 


24n^+2n  24n^+  2n  0 , ^ 


(_1)  ± Jf  (E4n  + 2n-jZf) 

01  ^=0 


0«“O 


• (24n  + lOn  + 1-9^)  x 


24n  + 6n-0 


orthogonal  in  (O.oo),  with  weight  function 


0 -X 


-X 


W*x  0 (-4  + 6x)“(6x-4)e 


having  the  derivative  definition 


-4n-l  X 24n  +2n 


y = X e D 

n 


24n  +10n+l  -x 
X e 


and  integrated  square  formula 


I(n)  « (-1)  I (-1) 


•»8n—2 


48n+2 

48n+6 


2 2 
♦ P(24n  lOn+2)  f24n  + 2n)I 


24n+l 

8n+l 


(24n^+  10n-fl)l  (24n^+  2n)i 


EE3 


EXAltt'PLE  8 u,v  fractions;  / 1 

constant  of  proportionality  / 1 


3.  A^=  0,  5,  B^=  -1,  -2.  2.  j = -1 


2 


U = £>1.  v.li=-i<0,  b:*  = — =-l<0.  Thus 

- i,  —2 


III-l.-7,-34,-46.-76ff.  all  hold.  ^ - T » 

G 1 3 1 

~ 3 

- 1 2 

30  that  if  we  try  G=l,  K«  2,  we  have  M » — ^ (1)  » 3, 


k(n)  •=  3n  ♦ 2n,  h(n)  *=  n,  and  III-14  holds.  But 


L(n) 


2 2 
~(3)n  - (5~3)n  _ 3n  + 2n 

-2  2 


which  is  not  an  integer.  But  by  inspection  of  this  result 
for  L(n),  we  see  that  if  we  augment  the  above  trial  values 
of  H and  G by  a constant  of  proportionality  2,  we  will  have 

G»2,  N»4,  M = — ^ (8)  =12,  k(n)  = 12n^+  4n,  h(n)  = 2n, 


. -(3)(2n)  -(6-3)(2n)  ^ 2 ^ nx 

L(n)  = = 6n  + 2n  ■ 2n(3n+l) 

-2 


an  integer.  Therefore  the  differential  equation 


2 2 

(3x  )y”  + (6x-x  )y'  + 2n(3n+l ) f- 2 + 2x)y  » 0 
n n n 


224 


has  polynomial  solutions 


2 2 

■,\12n  +2n  12n  + 2n  0 -i 

n » i W 


0«O 


9-1  j 
jr  U2n 

9-0 


2 2 / 

• (12n  + 6n  ♦ — - j^)  3 
3 


orthogonal  in  (0»oo),  with  weight  function 


T -1/3  -x/3  2 2/3  -1/3 

W * — X 0 (-2  ♦ 2x)  » — (x  - X ] 

3 3 


having  the  derivative  definition 


’'n  ■ * 


-2n-2/3  x/3  12n  +2n 

e D 


12n  +6n+2/3 


and  integrated  square  formula 

6/3  2 

Ifn)  - (-1)  - 


Z'  i^-4n-6/3 

’24n+2' 

24n+4 
^ . 

n (I2n  + 6n  + — ) (12n^ 
3 


4n*2/3 


6n+l 


r(l2n^4  6n+£)  (l2n^ 
3 


+ Zn  - 
12n^+4n-0 

-x/3 

e 

-x/3 


2n)J 
+ 2n)J 
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EXAMPLE  9 u,v  ir.tegers;  N <G  4 1 

constant  of  proportionality  4 ^ 


1,  ■^2*'  ^1*  ^ 

u.5.a>l,  T.li=-1<0,  K^  = ^.-i<0.  Thus 

__  1 

N " 4 1 

111-1,-7,-34,-45  all  hold.  - - (3-1)  - - , so  that 

G - 1 2 

1 

"I  2 

if  we  try  G *»  E , K ■ 1 » we  have  M « — ^ ( E ) » 1 , 


k(n)  » n + n,  h(n)  » En,  and  III-14  holds.  But 


L(n) 


-(1) ( Sn)^  - (3-1 ) (En)  n^+  n 


-8 


which  is  not  an  integer.  But  hy  inspection  of  this  result 
for  L(n),  we  see  that  if  we  augment  the  above  trial  values 
of  N and  G by  a constant  of  proportionality  E,  we  will  have 

^ 1 

G-4,  N“E,  M » — - (4)^  = 4,  k(n)  « 4n^+  En,  h(n)  = 4n, 

- 1 


,,  , -d)(4n)  - (3-l)(4n)  „ E , 

L(n)  * - En  + n - n(En+l) 

-8 


an  integer.  Therefore  the  differential  equation 


/ 2,  „ 

(x  )y"  ♦ 
n 


(3x-x^)y* 

n 


+ n(En<*'l)  (- 8 + Ex)y  - 

n 


0 
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has  polynomial  solutions 


y = ( -1 ) 


p 2 

4n  -2n  4n  -2n 


0 T ” * 2 

(-1)  - 77~  (4n  - 2n-^) 

Q_0  61  y^»o 


0-1 


n 


* ( 4n  + 6n  + 2 - ) x 


4n^+ 


orthogonal  in  (0,oo),  with  weight  function 


-X  -X 

W » X e (-8  + 2x)  - 2x(x-4)  e 


having  the  derivative  definition 


-4n-2  X 4n  -2n 


y B X e D 
n 


4n  4-  Sn-f 2 -x 
X e 


and  integrated  square  formula 


3 p -8n-3 

I(n)  = (-1)  - (-1) 

1 


8n-2 

8n+2 


2 2 
P ( 4n  + 6n  + 3 ) ( 4n  - 2n ) J 


t] 


4n-l  I 2 2 

( 4n  + 6n  ♦ 2 ) 5 ( 4n  - 2n ) 5 

4n+l  ■ 


2n-0 


E27 


EXAMPLE  10 


u fractional;  IT  <G  ^ 1 
constant  of  proportionality  4 ^ 


2f  A^»  0,  3,  -E,  -3,  3,  j = -1 

III-l,-7,-34,-46,-76ff . oil  hold.  £ . — (2.1)  . i , 

G -1  E E 

-1  / i2 

so  that  if  we  try  G»E,  N»l,  we  have  M » ~ (2)  * 4, 

h(n)  - En,  and  III-14  holds.  But 
- ( E ) ( En ) ^ - ( 3-E ) ( En ) 8n^+  En 

s ■■■■■  ■■■■■■■■  ■■  ■■  ■■■■■I  .1  m 

-3  3 , 


lc(n)  = 4n  n, 
L(n) 


which  is  not  an  integer.  But  by  inspection  of  this  result 
for  Kn),  we  see  that  if  we  augment  the  above  trial  values 
of  IT  and  G by  a constant  of  proportionality  3,  we  will  have 


G - 6,  IT- 3,  M - (6)^  - 36,  lc(n)  = 36n^+  3n.  h{n)  = 6n, 


_ . -(EH6n)  -(3-E)(6n)  E ^ 

L(n)  = » E4n  + En  » En(lEn+l) 

-3 


an  integer.  Therefore  the  differential  equation 


(Ex^)y”  + (3x-Ex^)y'  + 
n n 


En(lEn+l ) (-3 + 3x)y  - 

n 


0 
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has  polynomial  solutions 


y » (-1) 


2 2 
36n  -3n  36n  - 3n 


n 


6 1 2 
^ Qi  JT'  (36n-3n-^) 

9=0 


( 36n^  + 9n  + i - rf)  x 
2 ^ 


36n  +3n-9 


orthogonal  in  (0,co  ),  with  weight  function 


, -1/2  -X  3 1/2  -1/2  -X 

W=—  X e (-3+3x)»  — (x  -X  )e 
2 2 


having  the  derivative  definition 


y = X 
n 


-6n-l/2  X 36n  -3n 
e D 


36n  +9n+l/2  -x 


e 


and  integrated  square  formula 


I(n) 


3/2  , -l2n-3/2 

(-1)  5 (-1) 

2 


72n-3 

72n+3 


* f~(36n^  + 9n — ) (36n^-  3n)J 
2 


3 

2 


24n-l 


24n+l 


P(36n  -f  9n+ — ) (36n^-  3n)l 
2 


PART  IV 


PRACTICAL  APPLICATION 
Of 


THE  RESULTS 
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PRACTICAL  APPLICATIOII  OP  THU  RESULTS 


yye  are  now  in  a position  to  show  the  connection  of  our 
problem  with  a type  of  boundary  value  problem  in  mathemotioal 
physics . 

Suppose  we  have  the  second  order  linear  homogeneous 
partial  differential  equation 


Inserting  appropriate  derivatives  of  IV-2  in  IV-1  and 
separating  variables,  if  this  is  possible  (otherwise  the 
method  fails),  we  have 


of  the  differential  equation  considered  in  this  paper,  namely 


c)^T  ()^T  <iT  c)t 


* T • X * z ) * 0 


IV-1 


g ( 


Assume  the  solution  of  the  form 


T(x,z)  » y(x)  Z(z) 


IV-2 


g2^y".y' * ggfz^.z’.z.z)  » L(n) 


IV-3 


where  L(n)  is  an  assignable  constant. 
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py"  + ay'  t y =0  1-6' 

n n n n 

where  p»  t are  given  by  1-2,  1-3,  1-4,  respectively, 
n 

for  case  I,  of  1-16,  where  is  a constant  independent 

of  n,  we  may  assign  the  order  kfn)  of  the  descending  series 

solution  as  an  integral  function  of  an  integer  n,  say 

k(n)  = ITn,  N an  integer.  Then  the  indioial  equation  1-41 

determines  the  form  requirea  for  L (n);  and  for  L = 0, 

j = -1,  or  for  0,  0,  J * -2,  we  will  have  an 

Infinite  set  of  orthogonal  polynomial  solutions  y (x),  as 

n 

indicated  in  the  discussion  of  this  case  under  closure  of 
solutions,  descending  series,  following  1-42. 

Or,  if  we  assign  the  order  h(n)  of  the  ascending  series 

solutions  as  an  integral  function  of  an  integer  n,  say 

h(n)  » Nn,  N an  integer,  then  the  closure  equation  1-67* 

determines  the  form  required  for  1 (n);  and  for  L = 0, 

J ■=  1,  or  for  0,  0,  J = 2,  we  will  again  have  an 

infinite  set  of  orthogonal  polynomial  solutions  y (x),  as 

n 

indicated  in  the  discussion  of  this  case  under  closure  of 
solutions,  ascending  series,  following  I-68o 

For  case  II,  of  1-19,  where  is  a constant  Independent 
of  n,  if  we  assign  the  subdegree  h(n)  of  the  descending 
series  solutions  as  an  integral  function  of  an  integer  n, 
say  h(n)  » Gn,  G an  integer,  then  we  will  have  either 
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monomial  solutione  or  a finite  set  of  orthogonal  polynomial 
solutions,  os  shown  following  1-54,  neither  of  which  suits 
our  purposes  here. 

An  argument  similar  to  that  following  1-63'  disposes  of 
the  descending  series  solutions,  h merely  replacing  k. 

For  case  III,  of  I-E2,  where  L^(n)  * Lfn),  and 

1 (n)  - Z L(n),  we  may  assign  the  subdegree  h{n)  of  the 
E 2 

descending  series  solutions  as  h(n)  = Gn,  as  in  1-48,  G 
being  determined  by  11-34  or  by  I 11-28,  according  as  II-l  or 
III-l  holds.  Then  the  closure  equation  1-49  determines  the 
form  of  Lfn),  and  we  will  have  an  infinite  set  of  orthogonal 
polynomial  solutions  of  one  or  the  other  of  two  new  types, 
of  order  k(n)  as  given  by  II-ll  or  III-3<,  according  ns  II-l 
or  III-l  holds,  (If  neither  of  these  conditions  holds,  we 
cannot  have  polynomial  solutions,  as  shown  following  I-46o) 

Or,  if  we  assign  the  subdegree  k(n)  of  the  ascending 
series  solutions  os  k(n)  » Gn,  as  in  1-62,  we  have  similar 
results,  as  indicated  following  1-62. 

Thus  from  the  solutions  of  g^  = Lfn),  which  will  be  of 
the  form 

yfx)  » 

with  E^,  constants,  since  we  have  supposed  g = Lfn) 


IV-4 
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to  be  of  the  form  1-6,  namely  second  order  linear,  we  may  in 

oases  I and  III  determine  L(n)  so  as  to  obtain  an  infinite 

set  of  orthogonal  polynomial  solutions  y fx)  , 

n 

With  such  determination  of  Lfn)  the  solutions  of 
g = L(n)  ore  then  of  the  form 

Z(z)=EZ  (z)+E*  (z)  IV-6 

c n n 

with  fig,  fig  constants,  if  we  further  suppose  that  gg  * Lfn) 
is  also  second  order  linear.  Accordingly,  17-2  is  now  of 
the  form 

T (x,z)  *=  y (x)  ffi  Z (z)  + fi  Z (z)l  IV-6 

n nL‘-n  2nj 

Now  if  boundary  conditions,  considerations  of  continuity, 

or  convergence  of  solutions  demands  that  say  E « 0,  then 

2 

the  solutiors  of  IV-1  become 


T (x,z)  = C y (x)  Z (z) 
n n n 


IV-7 


Furthermore,  due  to  the  supposed  linear  character  of 
the  given  partial  differential  equation  IV-1 , 

00 

T(x,z)  - Z 0^  y^(x) 


IV-8 
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is  also  a solution. 

Finally,  suppose  that  for  z = we  have  the  non 
homogeneous  boundary  condition 


00 

T(x,z  ) = T"  C Z (z  ) y (x)  = f(x) 
' 0 ^ n n 0 •'n 

n=o 


IV-9 


If  we  multiply  by  W y (x)  dx  and  integrate  from  x to  x , 

in  ox 

we  have 


W y^(x)  f(x)  dx  . 21  ** 

*0  *0 


*1  2 

C Z fz^)  / W y (x)  dx 
m m 0 _ • m 


IV-10 


by  the  orthogonality  property.  ' Thus  we  have 


n 


/ ^ W y (x)  f(x)  dx 
.IT  n 


Z^(z^)  I(n) 


IV-11 


where  I(n)  is  given  by  11-128  or  11-129,  or  by  III-102  or 
III-103,  aooording  as  II-l  or  III-l  holds. 
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Using  IV-11  ir  IV-8  gives  the  formal  solution  to  the 
problem; 


T(x,z) 


f W y (x)  f(x)  dx 

00  X ^ 

2 — Z (z)  y fx) 

Z(z.)  I(n) 
n 0 


IV-12 


I 


APPENDIX 
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S-OiBOI 

A 

£ 

B 

1 

B 

£ 

C 

n 

D 

£ 


H 


I(o) 


F0TATI017 
MEANING 

constant  in  the 

differential  equation 

constant  in  the 

differential  equation 

constant  in  the 

differential  equation 

constant  in  the 

differential  equation 

constants  in  expansion  of 

constants 

derivative  operator 
constant 

constant  in  y(x) 
constant  In  y(x) 
constant  in  Z(z) 
constant  in  Z(z) 
constant 

constant  in  subdegree  of  the 
solutions 

constant 

constant 

integrated  square  of  y 

0 


INTHOmCED 

I-l 

I-l 

I-l 

I-l 

f(x)  1-14 


11-73 

I- 115,  II-£8,  11-136 

II- £8' (ffcIII-£4) 

rv-4 

IV-4 

IV-5 

IV-5 

I- 115,  11-30,  11-136 

II- 30' fff.III-£4) 

ffcI-40' (ff.I-43) 

I- 48,  II-3£,  III-£6 

II- 31,  III-£5 

I- 115,  11-94,  III-££ 

II- 94"(ff .111-73) 
11-136 

11-98,  111-75 


in  expansion  of  T(x,z)  IV-7 
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Kn) 

integrated  si^uare  of 

II-lOl,  III-81 

I^(n) 

part  of  I(n) 

11-104,  II 1-84 

I (n) 
E 

J 

part  of  Kn) 
00  ns  tant 

11-106,  III-8E 
II-E6,  III-E4 

-V 

III-76 

constant  in  the 

differential  equation 

I-EE 

^E 

constant  in  the 

differential  equation 

I-EE 

constant  ratio 

11-60 

^E 

constant  ratio 

1-50 

L(n) 

parameter 

I-EE 

L^(r.) 

parameter 

I-l 

lg(n) 

parameter 

I-l 

M 

constant  in  order  of  the 
solutions 

II 1-4 

y 

constant  in  order  of  the 
solutions 

ff.I-35' (ff.I-40) 
II-IE,  III-4 

0 

zero 

I-l 

P 

polynomial  in  x 

11-106,  III-86 

Q 

constant 

11-33,  III-E7 

algebraic  function  of  x 

II-IEE,  III-93 

function  of  9 

11-113 

function  of  r and  9 

11-114 

function  of  r,9,  and  s 

11-116 

function  of  r and  9 

11-114 

function  of  r,  9,  and  s 

11-116 
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H 

ider tif iable  for.ctior.  of 

n 

11-73,  III-61 

constant 

11-75 

3 

identifiable  function  of 

n 

11-73,  III-61 

T 

identifiable  function  of 

n 

11-73,  III-61 

function  of  x and  z 

IV-1 

U 

function  in  integration 
by  parts 

ff. 11-107,  ff. 11-113 
ff .111-87 

V 

function  in  integration 
by  parts 

ff. 11-107,  ff. 11-113 
ff .111-87 

w 

weight  function 

1-18,  11-45,  III-37 

Y 

n 

identifiable  function  of 

n 

11-73,  III-61 

Z 

function  of  z 

IV-2 

z 

n 

function  of  z 

IV- 5 

Z 

n 

function  of  z 

IV- 5 

B 

Beta  function 

11-76 

r 

Gamiita  function 

11-74 

TT 

product 

1-30 

summation 

1-14 
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a 

an  integer 

III-IO 

b 

an  integer 

11-21,  II 1-12 

n 

constants  in  solutions  y 

n 

1-26 

d 

differential  operator 

ff .1-26 

e 

base  of  natural  logarithms 

1-9 

f 

an  arbitrary  function  of  x 

1-14,  IV-9 

S 

function  of  x 

11-120,  III-90 

function  of  T,x,  and  z 

IV-1 

h 

function  of  x and  y 

IV-3 

^2 

function  of  z and  Z 

IV-3 

g.o. d. 

greatest  common  divisor 

11-26,  III-21 

h 

subdegree  of  descending 
series  solutions 

1-48 

order  of  ascending 
series  solutions 

ff. 1-56 

i 

current  index 

ff .1-14 

constant 

ff.I-111,  11-131 

Jump 

1-27,  1-31 

T 

-J 

ff . 11-78 

k 

order  of  descending 
series  solutions 

1-26,  11-13,  III 

subdegree  of  ascending 
series  solutions 

ff.I-32 

possibility  for  k 

II-5 

k 

2 

possibility  for  k 

II-6 

k 

3 

possibility  for  k 

II-7 

k 

possibility  for  k 

II-8 

4 
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1 

unity  (or:  typewriter) 

I-l 

m 

numter  of  solution 

ff.I-6 

constant 

11-75 

n 

number  of  solution 

I-l 

current  index 

1-14 

0 

zero 

1-7 

P 

coefficient  of  y"  in  the 

n 

differential  equation 

1-2 

coefficient  of  y'  in  the 

n 

differential  equation 

1-3 

r 

a power  of  x in  the 

differential  equation 

I-l 

current  index 

ff. 11-113 

8 

a power  of  x in  the 

differential  equation 

I-l 

current  index 

ff .11-114 

t 

variable  of  integration 

11-76,  ff. 11-114 

t 

n 

coefficient  of  y in  the 

n 

differential  equation 

1-4 

•a 

constant  ratio 

II-9,  III-6 

V 

constant  ratio 

II-9,  III-6 

w 

integrating  factor 

1-6 

w 

integrating  factor 

1-76 

X 

independent  variable 

I-l 

X 

0 

a root  of  wp 

I-ll 

*1 

a root  of  wp 

I-ll 

E42 


solutions  of  the 

differential  equation 

IV-3 

IV-4 

h 

solutions  of  the 

differential  equation 

1 

> 

IV-4 

7 

n 

solutions  of  the 

differential  equation 

I-l 

I-l 

£ 

new  variable  of  integration 

11-115 

independent  variable^ 

IV-1 

Z 

0 

particular  value  of  z 

IY-9 

9 

current  index 

1-26 

constant 

ff. 11-75 

9^ 

function  of  x 

1-13 

current  index 

1-30 

constant 

ff . 11-73 

Dliii’IiriTIONS 


TERM 

DEPIIJJSD 

Closed  Solution 

ff . 1-37 

Closure  Equation 

ff,I-3^ 

Derivative  Definition 

11-95,  III-74 

Indioial  iSquation 

ff.I-34 

Integrated  Square 

ff.I-13 

Jump 

ff.I-26 

Order  of  Solutions 

ff. 1-33 

Orthogonality  Property 

ff . I-ll 

Orthogonality  Relation 

ff.I-11 

Recursion  Product 

1-30 

Recursion  Relation 

ff.I-28 

Self-Adjoint 

ff. I-IO 

Subdegree  of  Solutions 

ff . 1-38 

Telescoping 

ff. 1-109 

Weight  Function 

ff.I-17 
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